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fiaiB is to certify t*tet ti» osateatB of this t!»si8 
entitled **Oii ICtmmt Coati^ t IfanlfoMa* * ia the oriciiial 
reeesroh «»iEk of Mr* SharftiOdla iSmsA carried oixt oaier agr 
8ttp<3XTifi ion* 
Z further certify ^mt t!ie wozle has not been imlnl^ 
tteS eitli^r pi^tly or fiOly to any ottmr Unlvirpity or Ins-
tittttioii for the amo^ of any degree* 
Zsdifir ftisoiii) 
( 1 ) 
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^ Wieiftemm s« Zsiiflr liiaaittt Otmireisgiy Birpartfiieiit of Matli@"> 
antiost iligisrli lioslia 0ttif^r8i^9 iil» iixlrodooad lae to tiis 
mw ^mlmpimnim $M thn field ^ IfoA^nt Mffer^atlol ileooiitry 
aai mMed my parmiits iti tMn fi^M :ib9i^tai upt© tlie pemwirt 
I%#B» thtstis* I grat@flt31y «8liMwa!l©dif© m iiia#M®aii©®0 for hlc 
I h&m l>©alfit<M a lot tteeaglj &mm mrf aeeful diec*-
aslono wltli ?ro''o!S9or E«s« Sistra ^hxrii^ Me irli^itB to thi© 
ITalvirsltyf awfl I tiri® tM® o^^^ttiaitsr to i»it <m reoora ngr 
Bimmre ^At^ttHmBo for fcdfl valaafels mtg^mti&m* 
limh gratitad® iB toe to tli© C«»S9oil of noloatiflc aaS 
ladastrial Bo-'ooroli, aof©yii»at of :biflta,fOF fiasaeial 0»p?>ort 
to oarry oat tiile ronoaroa woa^ » 
I »i alBO obliged to f»if?jrfsl ooiPDrVra ia tho dopart-
aoat for o<»rtaat ®iiooiira®ti»at mA heljfal dlsiottisslosKi. 
flaallyt W tliaito uro ^ao to ilr. ahaarl Ifemix" for MB 
sUlf ta typlag of t&ls tliOBl©. 
(U) 
nmmmmmmmmm 
ThlB tbeslB dsTOt©^  to ^» stodiy «f Al^ wst Conteiot 
o^ilfolda mA their ^liod otraotares in the otttoone of tbie 
jrertnar^ was* em-wtcKl oitt I^ ei§ at AXi^ arlt l^isliia IMvurGity 
nalwr 1910 iwpertisiQii of Brofeasor S. ttSme BieaJUi. It ooi» 
parisos of mix oitaijtomi* 
Ciiopttr I , wtJiofe IB Inttroduiotory, opem^  vdth a iiactt-
eeieii of tiK? deflaltloas IKIKI t>«iiiiG protM?s-tlf>s of .Uiao^ Coo-
taet ant! etniD alllort 0tirtio'^ *"#«« A lirtof rema»'of the {!«w-
lopraont of tins tii^osy 2]et@ b0«« clTOat aeatioiila^ pnrtlcularly 
tboae toploa tiiiich are of rolovaiii o to oitr work la 8ub80(;uest 
Gh&p^«rs0 Tim ohajrtier ends «dtli th® <lofiatti^i0 of w©ml-eyraB»-
trio aotrlo ooiizit3d.oa [ 50 "]» mA ,43jaost ]?rodi»5t etraotures 
Taao [ 50 ] for tlje flret tto© systosatteally stiictled 
tlio msJHa^mmtrio rmtrio oomf^^iitm in a Hiof^ miiiaii mimifold 
mi& ofetJiiasa M^^ y^ cifuX msA Qlw^^n^ ipesultn istiieh opened 
furtlior mmmam for woric la tMa fleH* la Obnst^ r 11, et«r« 
tlag f^ oQ a Hl€aiQriniaA ooisioxim oa an jQmmt Coats^t manifold, 
vm ham ooi^truoted n seaai-o^sanotrle oomiexloa tsMoh, altboai^ 
aot a wtitrio ooaaoxii^, givns a remirroao# rulatioa wltli «» 
tae^io toaeor mkX also t\m ossrabla'noe of a reouyToare ^^lation 
( iU) 
with oorrespoacliaf; ciirvjitrn'o temtor. Fitrthert a fourth ord^r 
tensor ban been mxs^lmd out w^ch xmminB imm^imt voadm^ 
thle ohtmi'O of coiBiKJrlonfs, laai #iich rerseatjlee l a a l l I ta 
ttsmm^y prciperfeies with tJs© our-irsitiJQ^ tensor of the Eleaaf-
imidis i3»»s£f^ 2^ * ?l«i contents of tM@ 9ha|>t<»r haw bees 
aoo©pt©di for pablicatlaa l a the ^(mn^ •pjrogr^no of Matho-
imticsS India [ 23 ] • 
l a Chapter i n ws hssem defined sf^si^ -e^wiiietrio s»trio 
eommcioma la the oisttla^ of Aliaoet Coataot nietrio oanlfolde 
and have studied their wop^rtiaB vis-aririsj the Hioiaamilafl 
o(mne:d.oi3B, I t XB rc-en thi t tJae Boni-sjraiatrio custrio 
oomiP^dloa p 3 ^ a v©ry aatus al roo.© l a the gooaetry of JCtamt 
Coataet laaalfolde. Our laoet isiport^t oinglo rooult in t^ils 
che^t&r states that m, aliaio^t oooSimt a t t r io raaalf old with 
^ef[il«^|n9etrlc raetrio oQaaoxloa I0 ••cimfoirtaallLy Piea«nslaa»» 
A part of ths ooateate of this chapter h@o apjasurod la the 
Jourasl •Teaeor ( I . s , ) , .lapaa% 197i ( 24 ]# and the rest 
have heen eooeptM f&t pahlicatioa la »Toaeor (I.s,)f a^i>a«i% 
She o.ia^ijrec of tho ai-ow p-obleat TIS « * •dlvea any 
odd distscnioiial HloaijTiriia'i imalf old amk wa ©ados? i t with an 
a2jBK>0t contact sRtric etraotuj© iiidtio«»d t^ a ooaforsial traae-
fe T3atloa?»», hm teea solwd l a ^fiwintim in ainpter 17. 
(iv) 
A A A A 
l a Hm ptroooFSi, ws have alj^ o In-^ 'liio'S an (F> t , A» s)-^tru0-
tiiro oa tbe ccmfoJiJiailly trano- '^oraod ?!wil" JU JI*1 ntuaied I ts 
iaropertlc!3» The coatento of I'^'ilB chaistor Iisro been afjoepftud 
for piiWcatiesi l a 5«9ui?oar (If.s.), Japan, [ 56 ] . 
Bfvanovlo' [ 17 ] listrodiKS©*! pfi@ai£lo-?39trlc Ejenl-^ yEssse* 
t r i e oomi^sloiss on m MmmLmian. !3a!ii-*'€>lf!. In aimpter ?t 
05Eir»tric raetrle ooaii^ xloiKi la Xlno't C(m^.nct aatrlo oaalfold 
aad liave,la particular,citiKii^>d tlia irarvatu-e t .luior of tueais 
eoaasaloiMJ. Tuo -aiiol^  of tltLn ahapt?rv iias ^©iia «^ '^ :'0ptc^ cl for 
pttbll^^citifltt i a tile JvUi'iiil » i^*i>Xicmtio33 cle L' lai t i tute 
la I'JTi Sato [ 22 ] (lofiaod Atooet Poraooataet etnis-
i^rd@ vtdaii aro analoi^ous to Aloont Oontaot struotureo on oao 
ligiJtS a»t:l to A2i2oet ]Proaii0t olaruotareg oa the otlior. Ia t&e 
Ttr^ ans! f iaaX cbr^ptcr of this tlxsois t^ o ha^ © ntudled the 
Almost Farapoatsiot stmetaroe mA sam of itn nne<^l@IlBatleaSi 
la pcrtloular^^iat hm homi o@aiod here aa • •Fara-^*^iilciim 
Maalfoia** has beoa ©taaiedl ia <l©tail ana i t la fomH to 
r#0Oia9^e clO(«ely fjS.Mi ti» i'^ .":Aoa}dLaa iss^Ufoia cax oae >wiid aaJ 
id.th trje 41'10-t j>!'0«:lact ilzsost; :;:^ o«»3porab2^ ym;il''al'J! oa tjae 
Be^a caaptor hm booa dUlTidod iato ortleleer. For 
( • ) 
eonteai&TKm th© th^or©?.-^ , ^uToXlmii^B «safi eqtmtioafi haw h^&n 
f»r tl» BJbcth iiiBb«r aqaatloa of artiolA third ia Chapter JX, 
R®fer®iif>00 baf© btea r i w a utoeroiPir aecoaaaxy* Betailod refe-
r<9i»Q«e liMoh ^re t0 tie ""mmEl at t ^ mm of tljt* then to hflcm 
h&mn arr^r<5«t alphabetleiaiy n^oordlag to tho HKWR of t*» 
F ^ aeaa«K3y of .'jp.ice we '^ ci-fii r^vot'Ie'l jlrinc .'^otails of 
p£'oo*£^  sfilch follow "b'j atr{\l£lit''f>i.n?ar€ o?aK n^it'rHf»iP frora t!ie 
ireooillir roQulte, 5lwa ^«i0re proof® haim been -"liroa i a full 
tkm dtet«il0 of sdis;^ © c-«ii|«it.«xtlcBjf! 'law booa B3clpe<l owr. 
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tteosot d07elosiii@»t8 in tfm Btudy of oGB^mt nanlfolds ttsre 
Initiated %gr Bootl^ sgaA tang [^ 2 J , msA ^esf |3^3» <^oy defined 
aa eimiat ooataot csaiiif o34 t>y -tiie ooi^tioa that tSie otruottiral 
iproiip of 1^0 tangent Inodle io rodueiblo to 9(]|)Xt. Ikitor Sasaki 
[^193 oliorafetoriaed an alnofit contact laisiifold iQf t!ie axiatence 
of ttaeee tenser fields satiofying cartain ralation@» mA inlsroduood 
tin Rioiaanniaa a&^io ^sioh hm the natural property lalth raspeot 
to tho iCUaost oontaot atntoturo. Furthor l&^ontaot menannieai and 
Sasi^cian !!»inifolda^ vl^oh ara tiio spooiia contact natric eanifolda^ 
were dcrincu m-hi staidiad • Salmoc^n^ls the study «f als^et ooataot 
and dUied manif oM@ acttraotod tha attention of mmxy laathaciatioiana 
and raoently lot of faooioatinfi wxtk hm tsoon doma in this fiold. 
Xn this introdoBtory chapter «e ahall civo a Isriof rosooe^ of 
tliia dov^lop i90nt d^itioitiUv; peortioularly tho^ a^ to^ioo lihioh are of 
relavanoe to our woric in ouheoftc^at ohaptara* 
Shire i s a ola^ioioal so stilt of Barhonx iMoh m interpratad 
Ijgr Daprtao [ [ j ] raay ha |Nit as > 
••lot <*) ho a l^fona on a differeatiahle manifold M of diaon-
aiaa n such that <*] A (d«v) )^ jl o and (d"] )^^ « o« fimk elbmt e^sry 
point there exLate a co-ordinate aystaa (« , . . , ,x^,y . • . • ,y*^) auoh 
auoli fonm vmre ftirtber otnOied %gr M^ (^ 11 J la eoanoetiQn 
«it^ tb9 mem floats sua Biari^ ii^ e prmolislet eM bs i^io thciss ths 
mam of ••Cqntact Fo«s8»*, 
It mm therefoTo astural. to study mmh eionif olds on wiilch a 
global t-»fc«B nrj aatlsfylofi <n A (Anr) )"^  ><» o exists and nam tlaes as 
A i2n • 1 )«diiK}iiaimtal dlffmrantiablo laistlfoli!! M i s oaid to 
^ <i ftqntact ^ if^ -^fft*^ ^ If i t oaxxioo a global difforontlal iHTosis rq 
auoh ^lat 
n 
Tj A (dOTj ) | ( 0« 
% call «n a qqataoi^  ISSB* * ooataot inanlfold ia tliin ooan© i s orioa-
tablot aa^ A* oaa bo showi I)y tlio roLrolt of Darbotoe that about eimry 
point of a ooatiist naaifold II thoro flodlsts oOi-oirdi!Mtos 
i m t , , «»«] | OUOll that 
rrj « d« - E jr djr# 
Tiiie loado to tli9 idea of oontaot maaifoM ia tbo widc^ mwe t 
- i i * "^^ ^ 
X«ot <x t3ri8)t i « 1t««»»ii bo oo-M)rdiiiatos (m (p ant lot 
» f t •• aa l^ 2a+1 
nrj « da • £ y* dx*. A C diffO«er|)liiem f i HcfR —• t7*C R 
i s oallod a i^ oataot taraaafoinaatiQii i f the pull baole f^nrjwrrifor occae 
iio»*ira!iif!hiag fosiotion T on 9» ^^ ^ ooHootioa p o f all ®<»@h o^attaot 
traaafimsatioaa fozno a poonAofproitp nhioh in ttira dof imo a oogtaot 
^ ^^ f^^3? oaa9&» flms i t i@ dbvlouB that a 
eosttaot laisnifoia a^**' lo a oontodt sanlfoM ia the iiiaer ocaae. 
F<»p tJis ootiwroot i t WIS proved ^ Gsray j^Sj that a eoataot msni-
fold Ir*^' in the wider Bmrna io ft eoataot mrnilfoM i f i t i s 
«rieiitQbio and n ie evea. 
fli0 ori&iitability of fr'**' aafl 13^, a Sa-diaj^aoioanl 
(Sistribiitimi on H^**"**^  defined iooally l>y 'TJ • o, ii^lioa that the 
31119 Imiidld fflr**'/i>g^ adraite a orossi sootiaa S eueh tliat 
'^  (S) « It i.e^^thor© aadatii a -motm^ field | mioh that '^( | ) • I 
and dflr^  ( I , X) • Of far eOl X e X ( « * )• flats / dGtesiaiims a 
l««dix!i@tt8ioaal distrihatioa a<iipl«@at@ry to S^t callod the ^igafir 
t ^ o t i o n^ Qtoy fi^ld. SPwo ba^ie T r^optrtio© of f aa?@ ths ia^ Tisrlaaoe 
af ^ « d a-^  under ItB o » portootar eroup. 
Siaco ir***^  io orientablat 1^» otrootural j:reap of Its 
taacijoat tuadlo i s roduoibl© fswa aL(aa • 1» iP ) to so{2a • t,iR), 
Furthsr sinao tho ooatact forta dotenaiDD^ Goaplomiti^&ej distrihatiaos 
of diiar>aai<»i 2a and 1» the otmotural (ircmp so(2a • 1,1R) i s 
further roduoiblo to S0(2atlP) X 30(1, IR ) « So(2a,fR) X 1, Orasr 
[ 6 3 (also Ohora [ 4 ] ) has ii^f*ot ohom that the etraotural croup 
of tho taas^ oat huadOLo of a oaatact i^aifoXd is roduoihlo to 
11(a) K f. 
1.2 4fi{m? ' ; ^ « « IMiSliiM-
A diffo?t»atialsle imaifold r***' i s said to have aa J 2 t e i 
oq^tflot s-^ ruo'^ ag^  i f the structural 0eoa.p of i t s taaftoat huadlc 
10 rQducib3j3 to 9(a) X 1« 
Sasald [ 19 ] gaw tm altojraatlTO definition of ataoet o<Miti%ot 
amifoid nitiioh i s msro wxkeSiktm M prooeoded to daftm an (FfttA)-
stniottixo im isi odd>diiaeii0i<»!iQl taanifo34 r*^^» nhoTO ? is a field 
of endaaorphiSET Of the trnirjoat spaces of in"** , t a vootor field 
and A a 1»fom ouoh that 
(1.2.1) A(t) • 1, 
and 
(1.2.2) F . • ! • A « t , 
iibBfro Z d^io^a tha identity transfortgation. M aluym^ t ^ t ttmi 
tiaeae two oonditiona i t foXXowa tliat 
(1.2.3) (a) F(t) • o, (b) AOF » o and (o) rarik F • 2n. 
Sasaki thoa provod the olonant result t ••If a aanifold H^ "^ ^ 
has an (F,t«A)««tanaoture« then the atraotoral groitp of i t s tangent 
teiadle ie reduoihlo to {1(a) X I . Qonwrml^^m. alssoet ooataot 
manifold harJ aa (F»t,A)-^trttOttiro« • . JSaaJte ilalaAbSlbQaSllKft M 
: ^ t 1^ altemftti^ de^iaitioa of the ali^egi eoffi^^t s^ytioture. 
Xf a !9anifold IT^^^ «Lth mn (7»t9A)«etnaotiiro odsdta a 
Rieeiannian laetrlo g eiioh that 
(1.2.4) 8(FX, Ft) m g(X,T) • A(3C)A(T)i X,T © X(M^^) , 
tbm M^ ***^  i s said to haw an (F,|,^,a)^ty«g1»^ ««* «» 
Smyrna mM& ptewtet mA Q u oaiiM a Qtmmntihi^ a sk i i . 
C 80 ] , la tMB 0^0, It Is (Easily m^m tliat 
(1.2*5) «(S,t) - Ait). 
SiPiOd [ d^ ] shfMisd that ^6 alniO0t QfMtadt oiinifold aliifi^ 3rf3 
Q^ita a !U@i3ftiiiila» laotrlQ g (aot tmeonsarily ual^iis) satlafylag 
(1.2.4). 
A 2ii^ c«fs F^ OttUad tl» fnaflnraai^ tft^  ffflU of an aliao^t eon-
taot astrin setiifoM la d@fino<2 ^y 
(1.2.6) ^^(X,!) » S(»X,T) • gCi,T). 
Zt l0 airily eonn tlicit F^ ia m'^xt aymm^rlo and liji^ld, 
iOieit ths ooiilltioii 
(1.2.7) 3% w aA» 
io satlBflod, m. 93aort oontact laetriQ stricture Is cnlled a QontaQ;^  
1.3. idMLm Ma4li3M JM SMMMIMIM^* 
Since tbe struetural rroup of an ailisost owit?iet swilf old Is 
radooilsla to Il(ii) x 1, l a a tiasr atocmt ooatii^t inanifoiao oro the 
od -^diiaotiBioaaX malo^pida of aXiaoest complex manlfolio. o^ also knov 
a faraono romilt of Hewlaader amd Hlrenfe /^j: [ 16 ] that aa alrsoot 
ooeiplox stxuDttiro J io intocrablOt i.o.^iis i3m antiociatod ali!»>et 
ocxaplex struotiire of a ooisplox otruoturot i f tba ITi jesilteiin tensor 
[j»j) m o» i.e*^ 
6 
It(X,T) ^ [j,j](XtY) 
2 
(1.3.1) •• J [X,T] • [ W . ^ • J[JX»1) • j[X,jf) • O. 
IM9 ore »^r@foTO le^ to oonolilor i^& tOsost ot^ nta t^ aanifolds 
vhieh in a as^ r n>ro analonoue to t ^ oociplox oaaifold* 
lot H^* b® aa atooot ooataot oantfoH tsd-^  l!io ateost 
OQsttaot structure (F,t«A)* How define on w^'^ X IR an aliaoBt 
j r ( X , f ^ ) - (X * fe, A(X) ^ ) , X ftX(M ) , 
whore s i s tl» oo*ordinato of IR and f i s a 0 fuaotion m, 
l|Zn4>1 x(p^ xf now 3 io inteiprablot i«o«^[j,j3 « o» no say that 
ths alsioet oontaot rmnif old io f^fniHl" ^^ ^ ooxeiality oonditlon 
w»d«oo0 to ( [20 ] , [ 1 ] ) 
(1.3.2) H* » [F, P] • SdA e t • o. 
allium a oontaot aotrio taanlfoia IT'**^, an interestta?? ease 
arieos uten t in a killing; ipector of gt i.o*^ 
(1.3.5) (B3j4)(T) • (ayA)(X) » o. 
Sn+'l 
t9d then oall M a SrSStalia^ I^ gMmUffil SBIll^iM* 
for Kahler nanifoldSf tiio atooat ameplmx {stmcttiro J ie 
parallel with rospect to t ^ a&niiitiaa laotrie. ?he analorpia of thie 
i@ the -^MiM^ T^ aiBlf^ M ^licli has tbe »fy^ y«i;^ i egntr^t laetric strtto-^ ure. 
Tkm following foanatilatloa of tim Sranaklan oomUtion provldee 
us fldth m nl teraatlve ddflnltlcm of a Saoaklaa nanlfold ntjjrtin^ 
a i reot ly free en laliaost ooatact laotrlo maalfoM [ t ] i 
TS^SMM ^  • Aa aSimoet csontaot is©trie etsiiotur© (3?ft,A#g) 
i s Sssaleaioii i f @i3d 003^ i f 
( f .3 .4) 0 / ) ( Y ) • A(Y)X - g(X,T)t. 
^ record for our futuj^ use a renult duo to ffioltra [ 13 ]» 
gtM)ii;y 2 - l a a Sasaklaa na^'iifoia 
(1.3.5) 
(a) K(X,T,t) m A(Y)X - A(X)Y, 
(b) K(t,X,T) i» g(X,TH • A(T)t» 
Slw following Oia^tfi (Slair [ 1 ] ) suoiasris o t!i@ imrious 
struotuares larolw^ i a tlis theory of aLnwot ooatar^t nanifoMs, tho 
aotleo of a S-Ksoatnf^ t Ri^saaniaa taaaifoia tjolac iaterjsioaiato botir^aa 
a coataiit zaetrio noalfol^ mSi a Saoakian la^iifoM. 
Sonaal 
AlJiost Ooataot 
C«apatib3« 
"Ifeirfc—^ 
MwtsU A3iSH)srt 
C^itaot riotrio 
^•F 
III m O II* 
Sa'^aleiaa 
i r « . 
A3jE»>st Coataot Ooiapatibld iietrlo ^ 
JOmtmt Coataot 
Ifetrie 
2»f o d/l Coataot 
Tistrio 
3 
oomiexitti in m dlffereatiaiaie !3aiilfoia.%i3Pi«it [ 7 ] iatrodiiKs^ Mi tlie 
Moa ^ a i!i»trio ooitmxloii id.tli a oorlala aoii-viusishiiig torsion 
tonsor in a !li«aamii«n i!i%aifo3A« lane [ ^ ] f<xr the first tiae 
syotosBiatieally sttidied tbo aani«»3|iaEM»trio otmaaxione in a Bioiaaimifln 
isiinifoXd mxH obtained tmngr noefol and eXdgant s^eeolts «^oh opened 
fiirtliar @mmmn f«r woirie in thie fiolft. 
Xiot H 1)0 an »«dlstonBioaaI diff^rontiablo !!iiinifoXd endowed 
with a linear (3<»iii0xion v * ^^* **» tor-oioa tonnor T of V is 
ijivon 1^ 
X T 
mmm tl» tension tonsor 9 oatiefios 
(1.4.1) f(X#t) » « (Y)X* n(X)T, 
for a 1*foat® ii» tlii oonaoxi«a V ^ ®^^ ^ ^ ey^^MSKaatrio [50] • 
Far^i0rt lot there ho gii^n a Biofaaimim isotrio g in M aal 
V oatiafy 
(1.4.2) (VS><^»2> • »t X » T f 2 i X ( M ) . 
X 
Than ^ i« called a £ffi|d9nBl£l£ MMS. '^^ ^WattlHI C ^ ] • 
A 08i3iHi3rf«netrio laotrio conaoxioa ^ in m Hieisannifin tsonifold 
io f!iven Isgr [ 30 ] 
(1.4.5) V Y • » ^ • H(X* T), 
(t*4.4) H(X, T) • niDt - g(X,Y)f, 
andl ? ia a vidotor fi^M dofined ligr 
(1.4.9) gU»?) • nCX). 
A difi^rexttl3bl^ !BaQ|foXd M of diasaiiioo a is said to bo 
sn JflfiMS^  wrot^t Tuni^ fffl^  i f i t lias a real «ooter--rDlU0d liaoar 
fuaotioii F emh that 1 ^ following ooaAitioii i s eMattisfied N 29 ]J 
2 
(1.5.1) f • I , 
Ftirtbor oapposo tlint in m% aliaoat prodnet oanif old U thero 
i s sivwa, a po8itivi@ dofiaite Eioiaaiiaiaii taotrio tozisor g« maoh that 
(1.5.2) g(X, Y) m g(X,T). 
fhaa ti i s Said to )» aa j l K i l prgduf^ t i^otrio ffiffltlffiM [ ® 1 • 
lAt 110 pttt 
(1.5.3) 'f(Xt T) m g(X, T ) . 
WO olioorto tliat F^ i s synaotrio aad laybrid an volX. 
L»t B bo a Bloi!i»0U3iaa ooaaoxifflik ia M« f lioa i f 
OF)(T) • o, 
X 
10 
m Bey that M ix^ m j^oml Ms^m^ iOmsl ^^mux^M^ 
SDQ foUowiag rosolt $mtifim tim nam **ali9ont prodxiot 
nanifoM*** 
• m ord«r iShat sm a-dlnQiisioii^ raazilfoXd 
M atoits on a3:^ )at product atvoottirttylt la tmaQftBtsry tliat M 
oontalao a dlotributioa JL of diisxiiipioii p aad a dlatrilm* 
t i m B^  of diimml'm a-^f 1^l»<i i9 p * e m n^ nhlch hem no 
oociaoQ dirfjoti«t with B and npaijra sdth B a 11II0E^ spaoe 
of din^sioa a* 
ai9 ol^ervB that tb© Ptraotural groap of tho taanent 
hiiadlo of a l6 r dtaoibXe to OO?) X oCa « p)« 
Startiag trmk ^la Hiaiiamiliffi emmmsltm on m% eStmmt oaa:ti&st 
!3siilfo24 file hssm oomitvm%&A^ in this crhaptoTf m B9ml^fm3iatriQ 
Qommxkum i^oh, eOltlioiagti not m raotrio Q^amTCkomt f^voe a rocutroikBe 
roXatim ^tl i tte n^trio teiti^ or ma& also tlK> iosfblance of a vomk» 
xreim® rolatlon witH tlas oarseepoiidiiig etinmttir® ti?iioor, 
giBfthar a foarKi ordor t<aaoflr T hm bo«a uorliad oat ^i^oh 
rmaaln© lnvmriaiit under tMn ol^ s^ '^ a^ of oomiBxionSt an! w!iioh rooembl^ o 
la all Its aafianotry properties with tlm onrvntor© toneor of tbe 
Blmunittl^t iiiaalf oM« 
Lot M IKS aa n{m Sen^ t )«dia@a8lonaX altnoat otmtmt tsaalfoia 
and lot B bo a Hionaaalan oonnoxlon la M« lb ooaaldor aiotiier 
eStiao ooaaozloa B in M gl^n Isgr 
(2.1.1) BjT V »jT-A(X)f. 
flm torsion toaoor of B ie ''mmA to bo 
(:?^ 1.2) fU.y) « A(T)x-A(x)i. 
Osaoo t!io aff im ems^sdoa B i s a ooisl«>e3PrasiotriQ ooanoxion in M 
[ 50 1 f uteafo i^B i'^orm of (1 •4.1) i s roplaood ^ tlao oontaot fow 
12 
I t foUoeffii f roe (2«1*1) t l i f t i 
(a) (%A)(t) • (DjlXl) • A(X)A(T), 
(2.1.3) 
(b) (393^ ) (T) m (1^)(T). 
i 0 a Q<»isQ(|it@i90@ of {2 .1 ,2 ) t \i© ^ ^ ^13 toUm^jm < 
(a) ^(X»T) • o , (t») A ( f ( X , T » « 0 , 
(0) 5(I»t) • X, (a) T(X»T) n A(T)", 
(2.1.4) • «,«.««, 
(0) 9P(X,t)4.f (X,t) • o, (f) 5(X,T) • S(X,Y) « o, 
(S) T(X.T) • T(X,Y) • 2(X,T). 
apiaetrio oomxixioai for any pedr of wotor floMs X and T» thsr© 
axiet0 a vector fiolA Z euoh tliat ^(X^t) s Z ana Z<i>a:«o. 
. If me t*ite 2 • !?(t«X), tl»a toy (2#1.4)(f) 
Z • 7(X»Y)* Furt2ii»r» ^ m (^TfX) » $(XtT). lisaee S 4 ^ « o. 
gasQliBa a l^ifg « Xa an aSiao^ t ooataot lastrio isanifoljl {^tnlttiiag 
(2.1.5) (B^)(T,Z) » 2A(X)g(¥,2), 
li^eh ohwaRs a r@oiiiie@£^ 30 |srop«»rty of g ^ t h respect to tJil© oonaexifsi. 
(2 .1 .1) 90 baiKs 
13 
X X X 
m g(D Y - B Y,Z) • g(» 3 - B Z,T) 
X X X X 
m 2A(X) s(TfZ}* 
• A conziii3l<»i sat ie iyiae dqiiatiwi (^.I.S) lo oallod 
a WSTL GCmtBXKMf (sn& a spmQ with au^h a OGmmidLmi ia callod a 
m oan also profi» tlie ftaimiim t 
,mr9M^ ^ i t t ? • l a aa al"»8t ooataet aet ic malfold with 
the <K>isiiDXioii B 
(a) g((E^)(Y),2;) « g ( ( a / ) ( Y ) , 2 ) » ( 0 ^ ) ( Y , Z ) , 
<b) (Bj^XYp Z) • (B^'FXy* Z) • gA(X)'F(Yt2). 
GCS^GUORY 2,^,4 - Za an atooiit coataot sistrlc laaatf old 
1 
(b) 0 
(2.1.7) 
(a) (B e)(Y,7.) • 0 « (B^)(Y,t ) , 
(b) (B^e)(Y,2) « 26J(Y» Z)» 
(c) (aj?)(T,t) • ( H J ^ X Y ) • a, 
(d) ( B J ^ X Y ^ Z ) • ( s ^ ) ( Y , i ) m ACzXi^Xr)* ACYXBJJJIXZ) 
• 44(X) c{Y»S) * 2A(X)A(T)A(2)» 
14 
gff^^ypy i^ittS * Xa a e<mta0t laotrio tiiantfold with t!i& 
«* X rf^ 
H^aQHm g*1,6 - jUt aOiiaost ooxitaot matrio oa^fold adiaittia^ 
tiKi cooaexioii H la m otmtaot siot^  io laanif oM i f aid 011I7 If 
(2.1.9) 2F(X»1) m (B^)CT) - (lyAXd. 
g^ HQtiai 2>i>7 - la a K:--ooiitjat2t riiojsflaiMao a^sdfoia witii tto 
eeanuoioai B IM liav» 
(r.1.10) (Bj^ )CY) • (ayA)(x) « 2A(X)A{Y), 
aaA oaaoequeatHy 
(2.1.11) (1^)(Y) • 'f(i:,Y) • A(X)j|(Y). 
X» viAiat follows m proim i 
g^< i^BI g^ 1>^ • In a ^-coataot nie£aa,ai5l.^ i laai'lfoM «lth tbe 
15 
(a) A((B^)(T» - -g(X,T), 
i%) (Bj^ ) ( t , i ) • (Bj^) (T, 2) mUit) 'f CT, %) 
^^•^•^^^ • A(T) g(X.2) - A(Z) g(X»Y), 
^OQg * Ifotag (1.2«6) aad (2,1,11 )^fl0 hai«j 
A((B/)(T)) m -<B^)(1) «. -^(X,Y) • •gCX, T) 
jieatse (2,1,12)(a) I s isrovscl, foar (2,1,12){b), we haw 
1P(T, 2) • ' F ( T , 2) . 
(2.1,13) 
• ( y ) ( ? » 3 ) •'FdSj^Tpg) <.^FCt,iy!). 
Ilov 
^^(EjjJ.Z) m s ( B / , 2 ) • A(B3fi)A(2) 
« g(Cy)(Y)»Z) • g ( ^ » 2 ) - A(2)A((B^)(T)), 
ivhioli l a oosMssqasaoQ of (2.1.6)(b) mil (2,1.12)(a) titeJ© th® tons 
?(%T,2) « (B^)(T,2) * 2ACX)^P(T,Z) •^?(BJJT,2) 
(2.1.14) , . - -
HaldLiig tiee of (2.1,14) In (2,1.13) «« s®t the roqulx*©! reseat . 
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Finally (2 ,m2)(e) i s m it»»diatQ ooaseqwenco of (2,1.1S)(1)). 
1» aov statQ the foUonltigi tbo ixroc^  ^ina a coaseQiicsuse 
of T i^eorea 1 t 
fasc^ ^M 2.1 .Q • An alciost contact aotrio iijctnifold with t ^ 
ooflBoxlm B i s StmaSdLm i f and only i f 
(Bj^XT.Z) tt 24(XjF(Y,Z) • A(Y) g(X,2) - A(8) gCXtT), 
QDil oonoetqtiontly in a Saeokian manifold 
(B«F) (T,2) m 2A<X)'F(Y,2), 
Xn t^ n^ti of '^ lo Hlonannlan oonaosdon t^ ^ijoi^^nis tonaor of 
F oan be oieprosood aa 
(2.1*15) K(X,X) • O FXT) - (I J?)(X) - (BjTXY) • 0 / ) ( x ) . 
Xt i s iatoToating to noto that in tostas of ooeeiexion B aloo 
•^ bia foxia of ll(XtY) roi^ilno es^ictly tHa BmHf via. 
(2.1.16) »(X,Y) m (B F)(Y) • (l^)(X) • (Bj^)(Y) • (BjP)(X), 
i^oh ia aa ioBodlato oonooqiioaoa of the oqmtioa (2.1.5)(t>). 
Coaao«|Uontly» w© find ^lat tais folloisdnf! rolistioas hold ia th© 
almost oontaot manifold i 
(2.1.17) A(1I(X,Y)) • -A(H(X,Y)) m -A(lf(XtY)) m -A(lf(X,Y)). 
m no9 pro9i 
l ^ m H ^ t l i l g - Xf aa lOnoot oontaot aaaifoM with the 
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v^(}(M - Froa tJa0 aoraality ootidltl<mt w t«irc 
ACH(X.Y)) • J»dA(X,T) « o. 
Also 
A(H(X,T)) • -CB A)(Y) - (B A)(X), 
la aa sOs^ Bt 0oix6aat aetrlc rnajai^ oid, ws !mfQ 
(2.1.20) H(x»i,a) m (3^''F){t,i) - (B«^F)(x,i)^ (B>)(Yta)-(B>)(x,z), 
fhaii in ^3i6 cnae «» f^ fot tins foUonlJig reXatloos t 
(2*1,21) H(XtY,2) •-.^(X»Y,S)»-^(X,T,2) « -^HCX.Y.Z), at nt n 
It laay ba laeatianeA In pmBim that l^ (X,YtZ) oaa be oxpreasod 
la teTias o^ the oonaoxlmi B as 
lf(X,Y,S) m {(]r^)(t,2) •^ HSjjY^g) • A(Y) iP(X,3)} 
• 'F ( (X,^, 35). 
ts 
2.?.. mtmm tmm* 
W» ddii0t@ tli9 ourvatur@ tenoor of this KismaanXmi ooamsloa 
B ^ K and ttm ourvaturd tensor of the omimxiim B 1^ R. 
ftmn ^ a straightforward eoapiitatiaiif m fttA [ 25 ] 
tiltioh ceo c2.B0 lie! vrltteti ain 
^ pit 
(2.2.2) P(Y,Z) » (C^  R)<I»2), •iC(Yt2) • (O^  X)<T,S), 
1 
i ^ r o 0^  stands for oontraotlcixi la the flret slot. Thorn 
(?.2.1) glw« 
(2.2.5) 'P(T.S) - •K(T»2) • (»jA)(I) - (%4)(T). 
HB then oliBorvQ tliat 
l i f f lM i^?ii^  - ^^ "^^  mirv t^ur© tenoors with re^joot to 
th8 oommisi&m B and D oolaclde If and onl^ r If the t-f om 
A Is clopodt I . e . , dA « 0* 
froof of tin? folloirlii^ a^ omiat follosva l^ gr etmlglitfOkrflntrd 
oaaptttatleii t 
gaaORa^  2.^.2 - la «ri almoftt oofttaot masilfoM ulth the 
oomoxlott Bf the oarvat«c« taoj-'or nati^fies ^tm folloiilag reletloa 
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U) R(X,ttZ) • R(T,Z,X) • H(S,X,T) 
m 2 {A(X)R(t,Z»tT)4^A(Y)H(j?»X,t7)+A(Z)K(X,T,U)]. 
It i s olxser^^ that th« rtslatitti (2«2«4)(1>) r^ lv^ s t!» 
smalilanQo of a xoourreaoe roiatloa for b^o cummtm-o tomor Ht in 
t£i0 801100 that latioh ^xso^ (E^)(T,Z,0) |< 2A(X) E(7,Z,tr)» ii9wr6!iel08« 
tliB 090II0 pozmtotlonet of tbo two eldos ^ t h z^ osijoct to X»Y,^  esse 
o«iaaI* 
(2,2.5} a (:Ul)(Y.2,TI) • o. 
XfYtZ 2 
wiiax« 3 otanSo for 1^0 o^lio 0)«s ^ih soopoet to X»Y,Z« 
gj^ ^ppfi ^^g,A « Za oo aOjBioot eoatc^Jt mtrio na'Sifold the 
otirvature tofisor of '^ 19 otmrnxioiSK B satinfios 
(a) R(X,Y,M) • Il(X,Y.0,2) m ^ {(BjA)(YMByll)(X)} g(2»U), 
(h) R(X,Y,S,II) - R(X,Y,1I,2) » 2«(X,Y,Z,a), 
(8.2.6) ^ 
(o) R<X,Y,3,0) - R(2;,0,X.Y) » {(B^A)(tl) - (l|yA)(Z)} g(Xttr) 
- {(Bj^CY) - (ByA)(x)j e(z»ir). 
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m - {(BJAXT) - (iyk)(x)] g(2»ir) 
• ( C ^ A X X ) • (BJJAXI;)] g(T,tj) 
QCIiQLLjinY 2^2»5 - Ift a o«»it{i0t laetric maal^ old tuth ooumselQii 
B lie ha"ws 
(a) R(t,It2,») » R(T»t,U,Z), 
(e) R(X,I,t,2) + R(X,T,2;,t) «-8A(Z)>(X,T), 
(2.2.7) 
(d) R(t,X,I,2) • !l(t»T,2,X) • P(t»2«X,T) • 0, 
(«) H(3C»T,2»0) • RCt,i,Xttl) • R(2,X,T«tr) 
«-[H(l,t,,%5)4R{T,2,X,5)4. ri(2,XtT,tl )j, 
lliolira (©cfiiatlaa (1.3.5)) obtal»^ e©rtata resiato in a 
SaQgOclait naalfold vslth roepsot to ttm Rlaaaaalia ooimoicloii* !?hB 
ooarzeep i^Aliir seaulto t*th rospoct to tlie aoBii-ejnEiietric oc^Bioslon 
B @ro fotmd to lie 
gr^ gq&mi 2.a.4 • In a Saa^kim taai3lfold with a ixmL^ymsotTie 
2t 
(a) R(t,Y,g) m g(T,ZH - A(0)Y, 
(a) R<t,Ytg,t)« d tpZ)* 
(ll) A(X) R<X,Z,0,t) • Ail) R(2,X,3,t) • A(2) R(X,t,0,t) • 0, 
( i ) R<Xft7»2«t) • R(XgT,Z,t) • R(X,T,Z,t) • »• 
2 .7 . i f ^ m ? i m m-yCT4i , . , a i , «* 
B l a g lwa W [ 12 ] 
1 
^Cx,ir,s) • K(x,T,z} • -*—rK(x,y) -'k(T,x)? z 
(2.3,1) a I 
a^ -1 a^ -1 
tha t ISf 
(?»5.2) W(X,Y,2) • 1C(X,Y,2{) * —*rx(Yt2}X -IcCX^Ji)?} * 
a-1 
'Ife d@f|ji9 the i3so (^5t.tv?> mir'mttir© ^» io r ^ for ttm mrni" 
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a -1 a^l 
Iftuwi aalafj (2#2,1) aai (2.2.5)t wo get t^ y ©trtlglitforward ccrapn-
tatioa 
r (X,Yt2) m f (X,T,2) [(B3 )^(T>-(ByA)(3C)]• 2 
- — [(BgA)(xMByA)(2)] Y- -— ^(ByA)(2)-(B2A)(Y)jx. 
ProB (2.2.1) and (2.3.4) «Q flna ti^t 
a-1 1 1 
W (X.Y,a) - — B(X,Y,Z)-. — R(Y,Z,X)-. -— R(Z,X,Y) 
iHt tt*1 a*1 (2.3.5) 
»»1 1 t 
• W(X,Y,2)- —- K(X,Y,Z)- — K(Y,Z,X)-' X(2,X,Y) . 
n*i a*1 n l^ 
The foHoiRlar? lo obtaliwd by atral^ ht?*orw:sra ocjraptttntloo: 
glEqilM 2 .3.^ « Xa aa alsoat ocmtfiot naaifold with tlia 
ooaasxltni B «e hain» 
(a) {Qj r )(X,Y) • -(»-2) [(Bj.O(Y) • (ByA)(X)j , 
(2.3.6) (1>) ir»(X,Y,Z) • r(Y,Z,X) • r(Z,X,Y) 
» (Bjf)(Y,2)^(By3»)(S,X)*(B2T)(X,Y), 
1 
tfrtiDre 0. fftaz^o for o<mtraatloa ia the third elot. 
la a Sasaklaa laaalfoJd wo haw tl» followlas [ 13 ] i 
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C«rx i^pi»idliag to th0gi» vm ^mm 
giEORM 2.1.2 • la A Sa&aHclaa i9siiifoX>it pro,l6ctlvQ 
mmmture toaaor ^ t h z^ npectt to tli§ O0iiae»xl«n B satiefiee 
(a) ir«(x,T.t) • — 'F(x,T>t, 
(b) r ( t ,Xtt ) m l«(X,T)-—- ^(X,T)+ ^?(X,Y) t . 
L »-^ a2^t J 
(2.3»a) (o) f«(X,T,M)« gCT,2) ^(T,2)4 F(T,2) A(X) 
r ^ / 2 . 1 
- gOUZ)- /^(X,2)* —— P(X,2) ACT) 
»-1 / 
- — F(X, T) A(3). 
A8 fsi ianediate oonsoqUQiioe to the atbow rcoult «^o have 
Cmo^JEY 2>3>3 • In a Sasaldaa ramtfold wtth the c<Ku»xle« B 
(a) r(x,y,t) m o. 
(b) r ( t ,x ,T) » o, 
(2.3.9) . . , 
(o) f«(t,XtT»2)-. o, 
(d) r ( X . l , t . t ) « P(X,T), 
1-m 
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2.4* m MM^-mi^ '^i^m ?% 
Set 
»-t i 1 (2.4.1) P(X,lta) • W(X,T,2)- - — K{X,T,2)-. —«(Y,2,X)- -*-K(E,X,T), 
Hf 1 a^l Ofl 
»•! 1 1 
(2*4.2) ?^» (Z,T,2)« W« (X,T,3)-. —4^(X,Y,S)- «—K(T,2,X)- —^<2,X,Y), 
n4>1 iHl iM-t 
i ^ o h oan slao lx> writ ten tss 
P» <X,T,2)« t« (X,f,2) - «— R(X,Y,Z) 
^ — . fR(X,T,2) • E(Y,S,X) • n(S,X,Y)} . (2,4.3) 
l a "wlQw of (:u3.9)t vie olrsorTO that 
I>(X,Y,3) • ?»(XtY,2). 
Iteaeo wB haw tJi© foUowlir rooults 
n*A^1 • fine t@iiBor l»(X,Y,S) ronalas iirmrlfiyit 
uiitlor taiL> ohaa'O of ooamxi<mii defined t^ jr Bjjf » B^Y • A(X)Y, 
ll<?te thnt l a lllei!^2!mifin cane tho tsoasor P* ri^aeoe to 
< r ^ 
(2.4.4) 3/lM.I X(XtY,Z) m Y , 2 ) X - •K(2,X)YV, 
1 
trti&ro •1C(Y,2) -(S^ K)(Y,2) i s ta» Hlooi temior. 
Ttm follosrliig roral t f psroof of lahloh fOUoiffsi by dlreot 
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ef»piatati(»is» etftabliiibos ^tat this invnriont tonsor ? reeoss* 
fel00 in al l it® asmnetry irop@rti#8 with the foDtrth order ourvi*-
?^^ <3Rat 2,4>g - Xa aa aOsost o<»ttaot jaaalfoia with ^e 
oonooxlQii B, th0 tensor V* natlafloB the folloirla^T rolations: 
1 aN@ 1 a-S 
1 
Cs.4.5) (e) ?»U,Y,a) • FMT.X.S) • o, 
(d) F»(X,T,2) • ?»(Y,2,X) •l»«(2,X.T) • O, 
(•) P»(3:»t,Z,0) • F»(X,Y,lf,2) « o, 
(f) F»U,T,2,U) - P«(2,ll,X,y) » 0. 
Za 1970 0diai««y ^ aotrle taetrio Qomiemi&m iiere studlod 
^ Tano [ 30 ] la a Hloia«aal«a i%ialfold« Xa 1^0 ivosoat obap-
ter »0 aaw d@fia0dl ooai^o^enetric aotric oottmniofm la tist 
Witt lag of aSzsont coatofit instrlo laanlfoXtle &o& la pnrticulm' 
fear coat act ssatrlo rsoal-^ oXda aad SasaJdUia oaalfolda, md have 
sti»iidd their ;.i(Pop0rtlO0 -ffla-ar-vie tli© nieuaaanlatt comicxloac. 
It la mvk that f^otal-osoaatirlo a®trio eonnexloa© play a v?ry 
aatoral role la the i^amtrj of tJ*^ .'*'© aaalfolde* 
Za €81 alaoot ooata^t tmtriQ Boalfold K ar^  latroduoo 
a aoial-iiywaetric aotrlo coanosdoii v ^ Idimtifytaf? tlie l-^oxa 
% of (1*4»1) alth the ooatoot form kt and the irootor field P 
of (1«4«9) altJi tho oharaot«?rlotlo vector fl©ld tf l.p.^by 
sottlag 
(5.1.1) «(X.T) m Vx^ * VY^ - [Xf 7] • A(T)X - A(X)T. 
lat D ^ a Hlomaaalaa oomiozloa mA V ^ a aeml* 
sjr^K t^rio Qotrlo ooan0xloa la aa a3iao«t ooati^t x%»trlc fsanlfold 
U, lot 
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H bsiat? a teaoor fX&lA of l^rpe ( t , 2 ) . Ssaa I t ean b© aeon 
thad [ 30] 
(3.1.3) a<X,Y) « i/2 { f (X,T) • Q(X,T) • Q (T»X)} , 
(5*t.4> 
(3.1.5) 
(5.1.«) 
t(f(2.X)tT) • «(Q{X»Y),a), 
Q(X,T) • A(X)T - g (X, t ) t . 
1^009 fiem (3*1 t t )* (3.1 •S) as^ (3.1»5)f w» flnft 
H<X,T) » 4(T)X-«(X,T)t • 0(Y,X), 
(5.1.7) ^ ^ m 9^Y • A(T)X • r;(X,¥)t, 
I t 10 B&(m tibtt ttm spBMtrio eiad @Ati-<#3rr!rx»tric parts 
,rf H(X.T) « . 1/ te{,{X.T)*,(T.X)}<»a , ^ . ( I . I ) r , . p « t . 
iwlar. Zt io farthor oaalljr ssooa t ^ t 
(i(f(x,Y),t) • 0 aafl H(Xtt) • f ( x , t ) , 
(3.1 .S) (a) t(X.X,2) ^¥ g(2(X.T),Z), (b) H(X,Y,S)'^»fg(H(X,Y).Z) 
fheia ym eaa write 
T(X,Y»2) • -
g(x , t ) g (y , t ) 
g(X«Z> g(Y,S) 
« H(X»Y9 2) 
g(t,Y> g ( t t l ) 
g(X,T) g(X,2) 
m 
Tm<mM. 1.1.1 • Xft on ftliaont ooataet laotrio taanlf cad 
(1 
( U 
(lli 
( IV 
(r 
('Tl 
(5.1.9) (im 
(^u 
(ix 
(xi 
Cdl 
( x U i 
( M T 
(XT 
H(X«T,?) • 0 • f(XtT»Z), 
H(Xt7»2 
H(X,Y,i 
B(X«T«2 
f(X,T,2 
H(X.Y.2 
f(Xt7t2 
H(X*7,2 
a(X,T,2 
f(ZtTc2 
f(Z«T«Z 
H(X,T,2 
f(XtXtZ 
« f(2«TtX)t 
• f(X»T«Z), 
4. a(X,2,T) • o« 
•f 7(TyX,Z) M O, 
•f !{(29ir»X) a 0, 
-f ?(2t7tX) » Of 
- ri(x.x,2) • T(x,T,z)» 
. 2(X»2,T) » 3(X,T,Z)t 
• a(t ,2 .X) • H(S,X,T) » O, 
• f(T,Z,X) + T(2,X,T) -
^ H(X»7«2) 4^  B(X,T,2) • 
•Hi • • 
• T(X»T»Z} 4^  T(X«T,2) m 
4. B(X«T,2) « O, 
• f ( X , t , Z ) • O, 
o. 
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(xvl ) a(X,T,S) m H(X»i:,2) * a(X,T,2), 
(jdX ) H(X,Y,2) « H(X,T»S) • « a ( l t T , 2 ) , 
(«l ) t (X#t,2) • T(X»T,S) • - ^ ( X t Y , 2 ) , 
( « i ) S<X,TJ) ~ HCX,2,T) • a(X,T,2) • T(X,T,2)«f(X,2.T). 
(woi ) aj(x,T,2) - sCT.Xti) - s(3Cf,z) • a(x,T,i)-H(TtX,i), 
( « i u ) a<x,i,2) • ii(T»2,x) • a( i ,x , t) 
« -2 {H(X.T»2) • a(Yt25,X) • H(ZtX,Y)] , 
ixxiw ) T(X,Y,Z) • fCY,3,X) • f(2,X,Y) 
• ^ [fixS^Z) • ?CY,i,X) • fCStXfY) ] , 
(xw ) A<x)H(u,ytS) <• A(Y)a(a,2,x) • A(S)H(U,X»Y) • o, 
(ami ) ACX)f(Y,Z,0) • A(Y)f(2,X»0) • A(S)^(X,Y,U) • o, 
(xKVil) A(H(X,Y)) • A(fl(X,Y)) • O. 
Troo&of al l tiie aliovid r«>latloii0 follOfr by alaplft oalou* 
lationei xmim tYm iroperti^s preiloaely obtal!]0d. 
As aa iianiedlatt ooi^ ^ <|i^ !ioe of tlmae rolationB, lae hiivt 
« la aa aliaoot oontciot no trio nenifoia 
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U ) fl(3C,T,a) - 3tt,T,S) • 0, 
(i») f(x»t,a) - TCX,Y,Z) « o. 
(3.1.10) 
(d) f(X,t,T> m ' F ( X , T ) » T(X,t,T), 
(•) a(x,t,i) « «(2,i) « a<z,t,y), 
( f ) f ( X , t , i ) • «(X,T) • f (X.t»T). 
gilMm3i|B ^^l.'i • I I I fsi e3m>a% (xmtmt tuotr-io cia»ifoM 
(3*1.11) 
(ti) ( V ' y ) ( I f 2 ) « (V^><^»2), 
X.«ff(T,X) » (B3j'?)(t,Z)4»F(Bjir,2)+»?(T,Bj2) 
Subtraoting md uaigg (3*1.2)t wo r^t 
(Bj«F)(T,Z)»(V3g'F)(Y,2) « •F(S(X.Y),2)+«P(T»H(X,3)) 
--s(a(x,y)»i) • (Y,a(x.z)), 
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Trim vhioh mtim (3«1«9)(iY) emA (xli)f m h&ym 
aiii09 vm net (3.1.11)(ft)* For^iar barring T moA Z in 
(5*t*lO'5Ca) «• 09% (3.1.11 )<b), 
^ ata1»o iSm foUowiitg ti0@fal reXatioaei iM c^se proofs @T« 
gascmyf 3>1>A « la on oliaoirt contis^t iwtrio mi»ilfoM 
(ft) ( V J ^ X T ) • g(Vx*tT). 
(b) (V^)(%) - o» 
(O) (Vjg^FXl,!) » g( (V/) ( t ) ,S) . 
(a) (Vx*f)(T,t) • (VjAXT) 1 o, 
(«) (V^'f )(T,I) • (Vx*^KT,S) m A(r)V7j^)(Z} 
• A(2)(VyA)(r), 
(f) (Vi*F)<t»z)-. (Vx*^)(i,g) « A(T)(VxA)(i) 
- A(2)(VjA)(T). 
fl» tQlXtmisg are ixnedtato: 
1i?TOM^I Ifiltl «"> XA «! al!^0t o<siitacst laetrio lassilfold 
^Hh A aaal-nyrMotrlo ciotric o<miirmioa ^$ we ham (Vj'^KT,!)! 
(B^»F)(T,Z) i f meA oOy If fl(X,y»2) » o» or ©«iiii9il®atlyt i f 
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ma «oiy If 5?(X,T,3) m TiX^Z ,1) . 
Gtmm^imi s . l .6 m in m ^Sssmt ocmlaot la^trlo mnlfoia 
»CB •F)(T,2)*(»,^»F)(Y,Z)*(B3j»F)(Yt2), 
(3 1.13) («) (V '^XTfZ) • (V 'FXaStXMV •F)(XtY) 
0 RQa.ARY S.1,t -. la a oanlsnot aetrlo manifold with 
co'mesloa v 
X Y ""g 
- - ^a(XtY,2) • a(YtE»X) • ll(8.XtY) j • 
-• la aa altaost ooalaot raetrio faaalfoJjd 
wltli t!i0 (3eisi~f»7!uotrlo me trio oonnexloa v,ii^ ham 
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X * 
or^ ©i|Uli%lo?»tly 
(V-A)(T) • (ILA)(T) + g(x ,y) . 
•» AR i0.ti»^t ftaatar.t laotrlc irimlfold with 
a e^isli-NSTEretrie latstric <»mneiicloxi V ^^ ^^ontopt oa t r l r i f onS 
OiOy i f ?JfiXtV m (V^A)(T) • (Vji)()C> 
(5*1.U) ( V A)(T) «. C j^fAXY) • g(X,T) - A(X)il(Y). 
Tteiii* thB resu l t t6lX&m facoa (1*2*9)* 
K i a B ^ ^.'^*1Q • A ooatfiot ciotrtc njoalfoM a l th ^tte notal-
B9!!S»trio i2!@t7lo oisamxt^Oi V ^ S->ooat^t Riooasmian i f aai only 
i f ( V J A X T ) • ( V ^ X X ) ** 2g(X»T). 
j a i S S - SiiviQ ^-«B (3.1.14) 
(Vj^^XY) • (VyiXX) » (lyiXY) • (lyiXX) • P®CX,Y), 
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%Tm r@«tat teXXmm tmm (1.3.5), 
yf^>ai %AAi - AH a3jgio0t ecsiti^t iit»trio nai^fold 
vltti tJHo 09ai'««9!!^^io netrio otmis^ xloa v i® di Siisaldtaa 
mmiteM i f out only If 
( V t ) ( Y ) • aC]M,T)t 
m^ Q<|ttiva3^at2^ 
X 
aiidl^ omisd4|tioistl7 la a Baaak o^a laaitifolil 
^ now |)rof9: 
<• Zn an alBocrt ooataot iKitrlo masedfotA 
n with a O6iil«09»«itrio netrlo oonmacioii v » * ^ !Ti|eiiiiii8 
taanor eatisflee tlvi fdllowinc rel&tiom t 
(a) »(X,T) • (V^)(TK(V-F)(X)- (V/)CT)*(V/)(X), 
(3.1.15) ^ j^ If(x,T,«)«(V^'f)(I,2) • (V-.*^)Ut2) 
X T 
^OCP - I» e<Miaer|a©i^ e ^ (5.1*7)t the e f^uatlon 
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lf(X,T) • B T • S T • DJC • SLX - D^ T • 2^ T 4 Uyl - D^ X ^  
1I<X,T) - V | » - V^Y - VJt • V^X - V^ T • V, T 
X 
wMoli gl90<i (5«U15)U). 0el!ig (3.t .t lHa) ai^ (3*nt5)(a), m 
X f 
• <v/F)(T,i)4a(XtT,i).(v 'P)(x,zM(ttX.z), 
vtiieU in Qomeqmwe of (5 . t .9) ( i l i i ) awl (»cii) rltoe (3.1.t5)(b), 
fiBir «e ohBorm tSiat t2i0 foxm of 1?(X«7) rmaaXns 
X X f f 
- fhB iroof follows dlreoUy ^itm (3,l*15)(l5) t>y 
ffCX»T,8) • o, 
9#fflmii^I2t1tt4 - If H Is oontiiot Bwtrio, tSim 
! ^ 
<SSm sr©e«Aiiif: r tsulte etamt that thm ''^m^^-t^jfism^TiQ 
aatxl® etimmxim^ m tof in©* t a tlil® atmiitear |j©liai«js wrj iiie©ly 
iA s-tei^liiil ^o®t propertie® of tins f-mtaet ot t r lo maalfol4» 
1Kat0 i t ap-'>0aam wjrtlailiil© to stadiy ^SB oio*vatii» md other 
feoBistrie elMiraotoyistles i a this iiotttJi^, iMoli «e do in tli© 
ei;a«»«|HBat w^ntloas of tlilci a^aptar* 
Ife doiioto th0 ounmturo t#iifi!«r of tlie mml'^fmmtrio 
mstrio ooiB*93doii s7 Isy 
aaS lis© etir'fmtiiro %®-mm ^ ^m Ui&mmidmi. emn&ximi B ^ 
% a iitFai^tfiKrwssna ocrartxtaUisi, m fiM Mmt i s m 
(sSimmt Gfm^iQt ratric faimifoia 1 iwA K ar® iQlatea Wil^if) 
uSiero « io a Is&mmsr fieM of typo (o,?) dofiaad Igr 
(5.2*4) a(s:#T) • (V^^Xl) • % g(3C,T). 
Haft 0 io a toaeof fiaM of %io (1,f) dofiaea Isy 
C3.g.3) g(px»T) » «(x,y). 
5T 
wtiiolit uBlqg (9.2•4) gi'ma 
1 
mmrm C^  etf^ias fosr ooatri^tioa la tim fJU t^ ©lot. fhea (3»2.|) 
(3.2.7) •R(T,Z) • •I(T.2) -• 0l-2) ei(T»Z) - lfe@f<Y,2). 
«IK3S» 1> le tue trmm of pt an! fturtlier that 
(3.S.3) r • li«» 2(!i • 1)t», 
Wlj^ r© r • •^(^«»X,) mi& k « •K(l|tX|^), {x^^] "beli^ r' an ortho«> 
frea (3.2«4) or (3«2«6)« «e omt obtain 
<3.S.9) tapap« (^) « ^ « n/fe. 
jlsi aa Isntdiato emmqvmnoQ ^ (3*2,4)« «i^  haw the 
follo«liig remits i 
!^ill2ti .^2^1 fft} • fj» aJjsoQt ooote^t rrstrln EiaalfoM Is 
oontifvit nmtriQ i f asst oiily i f 
(3.2.10) «(X,T) • «(Y,X) •» 2»F(X,Y). 
• !E!io dofinito artloio ••th9»» la plaeo of tho ina^fiult© 
artioXe «i l l t»a80forth Bimif^t ^ t t ^ oorreapCKiliag 
imMfold lo oaAoaod ulth a ©ocKl-ejBigsetrlo astrle eotmaxioii v. 
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(b) 91i» oc«lMiOt ta^trlo laaialfold is firxJootaot Bir^ aam^aa 
taaalf old If and only i t 
anA hdtr^ in ^» JC-ooatanot Eieii«2}]ai«ii s^aalf old 
(3.2.12) Il(X,Y*Z,tr) » I(X,Y,S.U) - «(Y,3) g(X»0) 
R(X,T,M) • KCXtYiltU) - (V^)(2)g(X,!r) 
(5.2.13) •(V^)(2)g(Y,ll)-^V34)(a)@r(Y,2)*(VyA)(0)6(X,Zl 
• ff(Y,2) ®(X»!r) - g(X,2) g(Y,U). 
llifi folloivltig; apt® obtainsa l>3f Gtralghtfotnmrd ealmiXatloOBt 
Tmmm ^>|^ ^ •* In tl3@ alaet^t oost^ aot la^trie cjanlfold* 
the ounfiitiire toneisr R siitisfioe t!» foVimtim relatione i 
(a) R(X|Y,a) • R(Y,«,X) • R(I,X,Y) 
(3.S,14) , (VjT)(Y.Z) • (V^)(S.X) • (V2T)(X,Y), 
(!^ ) E(X»Y,3,0) • B(X,Y,a.2) « O, 
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(c) ll(X,T,Stiy)^(aiV»^ft) • { (V;^){^MV3A)(X) |g(T, l l ) 
. ( VgA) (X) j gCY.0)- ^( VyA) (J )^-( VgA) CY)jg(X,ll) , 
(a) R(3!;»Y,S,U)4«(X,2»!y,T) • R(X,0,Y,Z) 
• ^(VYA)(a)-(V^rA)<Y)^g(X,S5)-. jCV^fAXY)-
• (VyA)(S)] g(X,0)*{CV||A)(SMV^)(tJ)jg(XtY), 
• 2 {A(X)R(Y,^»)[y)*4(Y)B(2,X,ir)M(2)P(XtY,U)j 
tero also ?ii«o the eoialilaaoo of a r©oiirffoaocj iRJlatloo ^ 
9qi^ TOIRI li^i4 - i© haf© la «i» Owst om%mt mtrio 
laanlfold 
(a) RCt»X»Y.2) • HCt,Y,i,X) • R(t,i,X,Y) • o, 
(%) CV-R)CY»2,0) • (V H)(2,X»a) • (VJR)(X,Y,tr) • ©• 
X T ;? 
^9f^ffi^y 3t^tg - Ito tt3® ooitfcrjot metric rmiifm^m Imfe 
(a) R(X,t,t,Y) - ^^*»£»f»i^ • •^(X»Y). 
(5.2«fS) (^j R(X,Y,2,5) • B(X,S,3,Y) •B(X,i,Y,Z) 
= -{R(X,Y»2,0)4lt(X,2,l,Y)4ll(X,II,Y,l!)^ . 
40 
VlBijmz sera© of those renultn and t!30 in^nulto prisvlouely 
o^ taUiBdt i t foXXom thit 
fM^ai ligft§ - m a Sasalelaa luaalfoM lilth ^ nanl-
Bps»trto notrlo oonnexlQii v 
(a) R ( t , X , t ) • l K M , y ) , 
(H) P(X,T,t) • !l»(35-»XtT-y)| 
<•> 
(0) R(X»Y,2,t> « -^(JC.Ytg • Z), 
«» 
(d) H{t,S:»T,2) • )!(S»X,Y,S), 
(«) R( t tT,S , t> • g(X,Y)-«f ( 1 , 2 ) , 
<3 .2 .17)( t ) Il(X»Y,S,IJ) « R(X»Y,a,1l) » 0, 
(c) R(t,Y,lS,t) • P<t tY,2 , t ) « O, 
(M) /i(X)n(T,2i,U,t)^A(T)!:(3,:C,ir,t)*A(J!)J!(X,Y,0,t) • 0, 
(1) n<;c,y,a,t) • n(;c,Y,3tt) • R(x,Y,i,t) • o, 
(3) 'RtYti) • •B(Y,g) » o, 
(k) 'RCY.t) • 'nCt.Y) » (ii-K)A(Y), 
(1) fRir) m /k-CY)- (a-2)pY*iv Y, 
^) JPCt) « <a-c)t ^ 
wJaes'© ®(/R(Y),3) « •H(Y,3?), {!(i?C(Y),3S> • •IC(T,2). 
•1 
ffhftii ISO tiilQs A to ^ ft olomd tm^§ @ay A « df» ise 
^^ ||^ 3KM 5.1.1 - Xa t l» alBK»it ooataot Eutrie nmlfoM 
i d t h t l » VfOWa A OIOWHI , we Kave 
(a) R(X,T,Z,U) • n(2»0.X,T), 
(3,3.1) ^^ ^ R(X,Y,2) •R(T,SI,X) 4> R(Z,XfT) «• o, 
131c ijfc (o) Mane hi* B idaatlty Is mXinfinA for H •• e *R , 
i . e . * in Xooal oo-oirdlnntos 
9.4. ommm mumi »•>'-••. • 
Tli9 ooadronaal ourvntos^ teiaoor ? for tha Blomanaiaii 
ooQaeidoii B i s $efismti a^ [ 12 ] 
T<X,T,2) • tiXtY^Z) * • — |«8:(T,2)X - •K(lC,3)Y 
- g ( X t Z ) T | . 
la dofla© tli0 ofmfowial oirimtaare tonnor V for 1&« 
so!ai«09C9@3trio rastrla oofwar^ icloa v ^ 
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(3.4*2) -«<X,«)IR(l)4g(T,2;)(R<l)] • 
-»i{(X,S)l J . 
{m^i)i»^) £g(T,z)x«» 
IfeRTt intetitatliig 1310 ^mlae of b f^ raia (3*2,3) la 
(5.4.5) (i(Tt2) • •— f •K(Y,I)-m(t,Z)- -(l9-r)g(T,Z) \ . 
n^ 2(a«l 
Titttiiig 'tei© ynam of {s(7,S) ia tn© ©quatloa {3.?*3)» 
(3,4.4) f*(X»T,2) • T(XtT,2) 
f^as^iiy 1f.4>1 « fh» ooofosiaaa. ounrattiro teaeor of the 
a«»l«4i9{n&trio metric nommtifm oolaoido^ with thest of Htm 
Mmmsmimk ooaaoadoa* 
^gyUg «» TSm is^ msi xt^ fsult i^i^ o^ifio© that tSie adi^ -o i^gpo-
trio aotrlo c^Bvixioi v i($ ooof onamlly HioEsaanieBi ia this senile 
tdat fron thiis ooamcUm m o»a ooaots^et a ooaiK^loa v t '^is 
( • ) 
or^»<3ptlipaleatly 
V t X V ^ • A(X)Y, X 
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X * 
&M4 » « ^ V g,4. 2hl8 i»411 ba aiooitsMd lA detail la the 
vliioh irt a Riaaaisilaa QowmxXjon with ro^poct to m oost^ orciiil metric 
S i M S l S X j y y i - If « » curmtar© t#iioor F(X,T,2) of 
ttie eteil«»eyEKi9trio Bietrio eomsexleii vmlshmst 'ttieii tha eonf ofZBal 
cmrvftturo tonsor T(XtT,2) of tho niemsmdmi ooaa^ aElfm aXeo 
Xn iliAt foUoivei|i w psrofo 
IfH^iW l i f i l ** "^^  II l» an alBont oozitti^ t laetrio 
ais!ilfo34 fliiai a e^al^-ejiBiistrlo raetrio oommximi X7 (wl<^ tht 
l-fosn A eXoeod). If n le of o^antaxit oootioiml ourf&ture, 
tli&ii It l>o eonfoinaadX^ r O^t* 
2g|2iS£- Ueiiie (5«3«1)(ft) &aA (h), m om. dtefla^ taw 
sootiffiaal oiinmttir© witk mem^t to th§ a^ai-^jBrjotrlc raotric 
ooonaximi V ^ ^(i 9"^ • ^ *^ ) , wtner® ^ «aa t| ajr© ortbo* 
iMKtnl iMialQ f«r that partloular sectloiu 'Sh/s aeal-eyBnetrio 
siotrlo Goimeicloii 1B of oonotant seotloaal onrvsttiaro If t&s 
seotlonal curtrnture la lodetMHiSdixt of ^m nQo%to&f ssaA la tftds 
03a© t taio ourmtaro tej^ otr should 1» of tha fo«an 10 ]j 
R(X,Y»Z) • p^g(T,3)X • g(X,2)Y| . 
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p being 0060 aoisOUgr* Th^n (9«2,3) teSma tlm tmm 
^^•^•'^ • «(X,2)T • g(T,2)tlX • g(X,2)pT. 
Oa cQntraotioiit m mt 
k « a j li • |»(»-f) > • (»^)t», 
and, ommeqvmix^ly 
(5.4*7) H • ' '* • i/2 911. 
3(il->1) 
Sulwtltaitiag (5.4.7) ia (5.4.6) , m ne^ 
(3.4.8) pT • lk(Y)/ii^ «»5 • p/^>T. 
) 2(ii-t)(ii-2) ^ 
Ttmn Q(|Ucitl<»i (5.4.5)« after eome si^lifid^^tioat cisn 
bo ^ritt!@ii ttB 
0 • K(X,Tt2) <«K(T,2)X-. »K(X,Z)T*lk(X)e(T,2) 
ik(T)g(X,2)?* - -—7 5g(T,2)X^(X,2)T? 
J (ii-1)(a-S) 6 J 
i . e . , T(XtT,Z) M o, ana h©ao« bgr (3.4.4)> ••(Xtt,2) • o. 
fhi.^ l)£t)^8 the «li»or«B, 
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Heine 9«3Eis of th0 s^ssxlts peevtoasly obtaliaDdt w? havQ 
'Smm& l i i i l - » i « Saifafclaft malifoid ^ t h taio anal-
(a) (i>^> y«{X,Ttt) • T(X,T) - (»-^) f(5C,T) 
• L(%)IRCT) - A(Y) (R(X)| 
- [.n(x..)t-*(T).R(x,J. 
1 
(3.4.9) l a-1 
• •f?CTtS5)A(X) - •R(X,^)A(Y) 
<d) r C X t T . M ) - Y«(X,T,7>,0) •• ©, 
(f) 7«(X»Y,H,t) • T«(X,Y,2»t) -• Y»(X,Y,Z,t) • O, 
<g) A(X)T»(Y,2,0,t)* 4(Y)Y»(I»X,II,t>+A(2)7«U,Y»0,l5) • 0, 
(h) V»(X,Y,t> • O • V«Ct,Y,2,5). 
ife now provo i 
^gst»^i ^«4if •* ^^ t*(t»Yfl5,t) «r Y»(t»Y,%) faiilBhes, 
« l» i i aU of V»(X,Y,2,t), ••(t,Y,2,ll)» Y»^X,Y»t) aa« Y»(t,Y,Z) 
•6 
• T a^loli<j*r «f T»(tfTt2tt) oar ?»(t,t ,t) 
C5,4«10) 'RCT,!) « (a^)[A(T)A<2)*»F(T,S)}*—- g(T,a), 
CKT 
(o)t «e seo that eOl of t^oo Tanli^. 
fhe oonoirculoi:' ourTatoro torn or C for tdie Rieisamiiaii 
ooanexioKi n XB d^fimd ^ H 3t | 
For iaj0 ooi^-syiaBietrio laetrl© oemnsxloii v , vm eaa 
tiiBrefoxo, «rit© ^00 oo2v:*0poi*ili«? ooaalrotili^" ouufvattire tensor 
(5.9.8) C» U,f,X) ^ R(X,TtZ) - - ~ - (6(t,E)X * g(X,3)Y ?. 
Then la aa iila»«t otrntact inotrio imxAfold^ 0 nat! c» ar« 
*©lQte4 ^f 
C»(X,T,2) « 0(X.T,2) • a(T,2)X • <i(X,Z)T 
(3.5.3) 
-f^ (Y,Z)0X • g(X»2)«!T • s(T^2)X-g(X,Z)T . 
4T 
19 em ^'^3om ^r^ I 
»i^ys^ ''fpS.I ^ m t!m dSsKiBt oootexst m^te wmifold 
(a) C»(X»T,2) •C»<T,g»X) •0»(Zf2ft) 
'* * (o) oUXtT.M)-c'Cat^t^CfT) li R(x,T,2,ar>-ii(2,tr,x,T), 
TJsli^  vsirioiia n^Xatlons px^'fimmlsr o^&imd^ m tmv& 
r (a) 0*(X.T»t) • -fCX,T) • (1 w ^ )g(X,Y)t 
(3#53) (o) 0»(X,n3,t)« -fCXtTgaMl- "«--—) T(X,Y,2), 
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«••> • • 
Ch) c»(t,T,2»t) • o » ( t , T , M ) • 0. 
O) c»a«t.s,t) •G»(x,i#s»t) •c»(x/f,s,t) « 0, 
Oa tlio limn of fbsKroKi <5-i«3),iiie ci%a estamieh thfj i'oXloi»lir 
laiOieB Tii^lBhin^ (xf C«(x,Ttt)» 0*(t,Yi2), 0»(X,T,a,t) «ana 
fl» ooaiiorooaic our^itun* teaser l> fos the Rieraaaaiaa 
(3.6.1) LCX,T,Z) ^If !CU»t,S) - —fgCt,3)tk(X)-^(X,7.)K(T)? 
M dafim tlse ooRliffiraKmle aiirvsttsre tcarscr L* for tlie 
(3*6.2) IsHX^r.Z) ^ ^ R(X,Y,2)--— [g(l,«)IPCX)-g{Xt2)R(T)] . 
!^^yiit %.6,A * t& H^ ^Osm^t oess^mt » t r i o mmifoM, 
Baw V{X,tf2) l2as thn mem siyam'tsj tiropertias as 
"" •^'•1 ' 1 y- »» 
(a) 3i*(X,Y,t) • *t(X,T) <^  —U(X)\R(T)-A(T) ^R(X)S 
SN) 
ih) li»(X,T,2,t) • I.«(X,T,%,t) • I,«(Xtf,8»t) - Of 
liqpUas that a l l of &«(X,Y,%), I,«(t,T,S), I,»(X,ir,Z,*) fiod 
Ii* (t Tf^tV) vtialab. 
MSSSL^ TanlAhiag of i:.*(t9T,t) or l.«(ttT,Zft} giv<B» 
that 
09r 
<3.6.7) •Il<T,2) • (a-g) { A ( Y ) A ( 2 ) • 'FdtZ) ] . 
Sulietitiitiaii of t!io0o ia <3.6.5)(a'^d) /-ivM^i© reofttlroa 
FOflOlt. 
msMmmm 
» • • * • » • 
:i^  iHigi ps9Vi9aB ohtxpt&r «9 havD eeea that tbo ooafonaia 
ottnrataro t^iaor of tiio oaat^Byaafttyio ootrlo oonti^ xioii OB an 
atoo»^ t ooatfj^t raetrtc r*^lfold ooiaoi^es «lth ^ i t of a 
Riisoaziaiiia otmis^ioa* R^ild 3^^0 us to Boy t]:^t an aliaortt ooa-
tost laetrio Oftolfold with amalnssfSiMtric aetrio oonnoxi^ A is 
ooafomuttly Ei©!a«aaiaa, i!i tho e^ oir© that ths niwi-fljEBaotrio 
mtrio oimiiQxioii c i ^ s irira^  to a ooamxioii a^hioh ifi nicmmtniazi 
with rooi»ot t© a oonfamnil laetrio. In th© tsaposont chapter> «© 
hat© dealt with this prohlcaa ia detail# eeafi with the conw>roo 
jprohlamt f ls any odd-dinsasioaol HiOEimmiatt aanifoM can he 
•ndtowod with m aSraoet oontaot s»trio {^ ^nioture (r» t . A, n) 
ImfitiQod h^ a ooafo laal tran0fo3;^ 0atiaii^ si!i3 i^oh ia tusnt nXiso 
A A /s #s 
d9fim& an (F» tt 4f g)«etrutttiir© m ttm ocHtforaolXy tnauR orood 
naai^old. 
A 
«» haiPB 89«n in Thaoroa C3.4*1) that th^ coafoainMl 
curfiatiir© toanor of th0 mmi'^ymsotrie laatrio oommxisn v 
oeiaoidaa ^th thoet of Piomaaoian coimaxiim. to, other worrls^ tho 
0maAMiymm%riQ ostrio ooaa^idlai v <^Ai^  ^ ^^^ o^ he co '^dimLXiT 
Kimjimtm. 
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araofer, i t la ot»vl(ma tHat ^m t9 being muk'tfyssmtrifi 
to % j * 3iiV9rtliel980f tli& fiibevft rosoXt loade HEI to eoostsuet 
a aymmtrlo ootammimi. v ^^ >^?<» V ^il^^^ «8u34 be Bieiai^ mlaii 
A 
ivltli z^opeot to II ot^ ifoxaaL netrio. Saoli a oomi^ xiQii V ^^ui^  
been f onnA to bo 
(4.i.t) v ^ - V ^ • AWT » 
X X 
or, 0(|iiiimlo!itl3r 
(4.1.2) V ^ • V • A(X)T • A(T)X - g(X, t ) t , 
X ^ 
A 
aaA i t oan be Bmily mriflBd tliat V i^ ^ ^ KieeKmnioii ooiwaxiaB 
•Ito roapeot to tim ooar'oiBal aetrlo g-j « o^*ir &^ , sil*>re 
/. Ic tn;x'n to be looalXjr r^ irefKinfted iio A • il|^  ^ br^ , la faot, 
we b t^o 
( VjSXl fZ) » X . ^ o " ^ g (T ,2 )? - « " ^ ^ | g ( Vjl*A(X)T,X) 
• sCtfVj^Z • A(X)2)|«. O, 
Bbii0e, la flow of the^e obsoriratloas a ettKly of tbi® 
o<mf07!9al coaaoxlott y *» aliaoet ooattiot aetri© tmalfoMB appeuro 
nojrtliiibiXe, 
55 
Slis fo21©«iiip: reoalt im eautly oMatn^d i 
,%.f,...'^  *• Set 1 b© an a t e ^ t eontsrt aetrlu 
m 
iMStif GAS i9ith ttiQ o&ammimi. V • ^^^a 
(#*1«9) 'v . . „. 
jgl^ill^**. Equsitlm (4«1.5)(a) 8la0$i@ a Tt^mnsTmm proper^ 
«f g wttli x^npoGt to tlio B<smmnim. V # la faoti with laotrlo 
f^QMBt 4 f^ ,2 m tB m eSMQ^ coalaot rmtrie aaaifsld 
Kith i^ Q^mmtLim V 
X X 
» 0 ' f »r,g) *• gA(l)»f CT,B) 
^^*^*^^ • A(t)*F(g.X)*A(I)»F(X,T), 
(%) §C(VtHT).2) « g(Cv»)Wt») 
X X 
dtB/)(X)f8)*A(T)»PCS,X)*A(2)»?(XtT), 
(e) (VAXT) - g(Vt»T) • ?A(X)A<T)» 
X X 
% 
X X 
H losoif tlmt an aXii^t eiMlnut uttrlo tmnXioM ie a 
Gimlfiiit imtrio mmSLt^M i f *? « AA* Ba% our A i s @9 ol»>ii@a 
4JU1«" An a3iso0t ooataot mtrlo maaifold wll^ 
A 
V ^ 
A /N A A >«» A 
^X ^T ^T X [%^i\ 
fhmsk in aa atooet ooiit?rt i^atrie isssilfoM^ne iiaw 
A 
- V (B^ • A(X)S • A(2l)X - g(X, SSlt) 
-B I - A(Z)[X,irl - A((x»f])2 • g([XtT],SHt 
H(X,T,Z) « I(X,Tta) • (^X»«)X • «CX»Z)Y 
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t 
(4.1.7) g(fiTf2> « a ( t , Z ) , 
inwrv 
T ^ 
• V * - 1/ 5C. 
A 
Ttasm ne oboorvs tliat Hi© ounmtiia?© toneor© «f v ®** 
(4.1.9) R(X,T,S) «. R(X,T,i). 
yartlaagBioge» ia otsm^tpsmim of A ^inc a oioood foai, 
A 
EClgTfZ) i » m&A to ©atlafy the fol low!^ ixropertioe (of. fbeo-
rcaa (3.3.1)) : 
/ s A A 
(A) n(X,T»2) • R(T,2tX) • R(S,X,T) • ft, 
(b) (v^)(T,a,ir) • ( v ^ ) ( M t ^ ) • (v^)(x,Y,0) » • , 
(4.1.10) ^ '^  
(e) E(X,T.2,0) ^ H(X«7,1},3) » ft, 
A A 
(a) R(X,Y,8,ll) *• Il(ai.0,X,Y) « ft. 
Vor^i&rt fljeorea (3.4.3) l a thle eapo F>i^B 
3^ 
WSMLAMUL «- H an almost ottit»e»t laetrlo annifol'l 
with 1^ odsmmim. v '^^  °^ oooetnat aeoti^nal r'urvatUTG, then 
i t io ocmfonaaliy ^Xat. 
Xa tiiis 0eotioii,«& coiKii^r thB oornQTm T^o\ilxm of 
Tbearoa (9»4«1)ff iris, ••aiwa fifly odd-dlratmsiiKiiiAl Pieisaanlaft 
maMfQMf osoi ne endow i t with im aliaotst o^atnot tmtrio otnio* 
tar® iadiKJsdi liy a e i^^ onwal trsnpfonastim?*. ^ shall 0o« that 
thi aaei^r le in af'^irmstivo, 
lift u yfo tm nim Sra^ t Mitnoaniimal Eitieu i^iljtfi Taaaifold 
«lth lastrio %f7'mm: g fsus oonsioxiCBi B* Otmsi^ er /^  to bo a 
ru»,«t<« of tl» loo«a o o ^ l a a t e . C.^ ') o» Tl „»3 of foot . 
ooafoiiaal tmacfoxTsatio® which niter! a i»»w B»trlo ttinoci* 
(4»S«1) @ • « g* 
liOt tto <Soflai a t-fona dP f«ka a wotor fioirt (^ Pisd/^  
(nith reapoct to a) i 
(4»2«2} A « a^ (i*@.^ia loeal oo-Ktrdiaates Ajg • —r ) > 
OX 
(4»2«9) t « lUP^ /^  (i*#.^ia loi^al c<»..«^ .iasis«*fj 
Farth^t l0t UB &&titm en sttlf^ aSFnei^ trio (l»1)«teaKfar 
fioM f oa M Iooal3^ aatinf^riag tho ft^mAnn eoaditiaa i 
5? 
i 
^J 
J 
\ • 
i 
*k « 
» ^ 
aae* 
» f 
ear 
i4 
S 
F^4l • A « t. A<t) m f, F(t) « 0 aad A(X) m o. 
alB99t c ntaot 0truotur© <m M aefloid Ijy <F,t,A) as riven ^ 
(4.?.2),C44a-35 a"a (4.2-4). 
1?iiklJi^  aooixiitl of ffh0i«r0a(4»^«U ^ have 
g(X,t) • ACX) mi& gCXfi) • ff(XtT) - A(X>A(Y), 
aiKl l»aoD (Fft«Afg) I s aa alMi^t coat>^t isietric Btructur© <m K, 
Xtet 00 now put 
n 
(4,2,5) ' ^ ^ • S ^ ,ar,O(|UiVBl0«tly 'FCXfT) • g(F{X)»T), 
(4»2,6) 'F « - ' F , «r,«nttl»al®»tly •l'(XfT) • -•F(Y»X)t 
1 J - « (4.S.T) •? y F • tF , or^ ' f (X,t) « •F(X»f), 
AJ Ic IS In 
ana timt 
t I k 1 3 
I k X at 
ISil's firta^ 1|NM( o^ tiEM.i£diQ8 liMf m &3iM>&t dootaot a&trle 
!llo«amAa»» saaA 9»!iv«>rcely» how a oonfoxtial tr^aafoartsfttion oa « 
QdS-Alt&tiisioiial. H|«aa»a&«9t tsanifoXdi laiYioes «m nlisost eontitet 
2I10 ffiAloniiig rt^Aolt i s m dir^^ct c<»iefeq[U»iio@ of the faot 
tiial! tli» 1«»fosn A iff closed (cf, TJtmormi (4*1 •9))« 
4>g*^ • th« a3»oet oi^ttacl laotrlo fianif oli! as 
deHimd l a flM«!€i«(4«?««?)o3ii2iot tw a oont^ K t^ netrio manifold. 
A A A A 
l0% C^ f t« At s ) )>e AH oli^ot ocdtaot mtrln atvu^tiir* 
OB « (^s^l h^ismmAomOL mmxISctlA Bf lalfised 19* t2i0 o^nfms^ 
tranitfm^iation 
A 2 ^ 
(4.3.1) « - « « f 
k 
(^*tf Afg) ^ixnm not dofiiis sa alrtoat oontafitt t»tri0 r,ti"taotii3r« m, 
A A 
A A A A >v 
i ^ A aaoh that (:?, t , Ai g) does give aa att^ iost coatatet 
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A 
(0ii3r)« TM,B vn ^ m fo31«q0 t 
(4.3.2) (a) A • «^ JH (%) t • e t | <o) f « F . 
9%0il «@ see tiir%t 
F(F(X)) • X • JL(XH I A<*) • 1, 
g U t t ) • i d ) » 
anA 
«(f(X), F(T)) « g d t t ) - A<X) A(T), 
anA tmme vm eoaDlu<l« tli^t 
A A A A 
gHEDHaf 4.1^.1 - SSte CSOI^CMOII (? • t . A, g) Ci1®0 «EI 
A 
atteoet ooatfsst net r tc e-fertirst^ ir© to 'tfef> tnausfmrn^a -wdfold If. 
£ot tus pat 
(4.5.5) mXft) ^ idr(X),T) ^ g<X,T). 
«# (4.3.4) 
and 
(4.3,5) 
A A 
•F(X,T) • ' ^ d t X ) 
•F(X,T) m 'KXtT). 
ib new irtate th® fOIXOMIIKT relatioar^ #iiifs© prooffi «r« 
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aMsiXi^. 
SSffiOi^ T^  4.^^^ • l a m atett^t ooatact mtrio twilfold ! i , 
h.'iw 
(4.3.6) 
A >s ze 
a) ( VjgP)(T,2) » e (V3j»?)(f,3)» 
A A 
A /^ A A, A 
o) s({V/)<T),2) • ( V /PXTt^), 
X I 
0) (V^Ht) m O, 
4.^>^ • Aa ^raost c^aatact t»st3Pio d^nlfold !i 
oaaaot l>e a ooa*a«st aetr lc naalfoM. 
A. 
®qtil^sal0at to A 
nhioh prov30 ^10 statosieat. 
9*1. tsmmmtim. 
to tlii MoBaieii^ siotrio g* Oonaider tiac C<8SK!3C14»KI 
X 
aflA 
2 (5.1.2) V 7 • 3 x t * « W X - s(Xtt)P, 
(3.t.5) ga,P) m nix), 
3 1 2 
(5.1.4) VC^W)*U)(VT) • <Vto)(T), 
(5.1.5) V(w(T))a<AJ(vY) • ( Vt>0)(X), 
lAiei^ ^ 10 a 1«f oea* !?heti tiie c;»tt)0%ion v i s tiar 3emlH82m»triQ 
flBtrlo ooaoesdcn ( [ 2 4 ] * tSO])* anS v mSt v ?«« oallad 
|iB9iift0«a»trio mmi/»&smmtriQ vtmmBxi&m [ 17 ] • 
is 
7olXQ«&iig Vrr&xwna [ 17 ] (3«fiaitl€»i@ i^»t adopting 
t(l«3 la ^» eetting of mmmt otmtopt mstric imiit€Ld \jisr Ut 
texistio footer field tf us o^»tnact too 0021110x10110 
5 1 2 
(5.n«) V(Ay) « A ( V t ) • C ^ A H T ) . 
4 2 1 
(5.1.T) V(Af) • A(Vf) • (VA)(T)t 
i l l tostaa of taia oomvsscieiia 
t (5.1.3) V ^ • BjT • A(X)Y - g(X,T)t, 
sad 
2 (5.1.9) V T * Djf • A(T)X - g<X,Y)t, 
2 
i^mx9 V ^^  "^ ^ fiQ9fsS^ «*03mia3t?lo laetric c^mioxioa fstudied in 
Chapter i n (l24]f [50])f ifflS V a«^ V ®^ *^ liiieudo-
wstrio fMffiii^ j^iwiotric ootuKncioQaBf !•<!•> 
5 4 i j 
k Vj^ %J " *• Vj « • •• 
m l 
4 t 
aaA 
5 i| 1 ij ij i j j 1 
«!i0re A^ and t'^  fir© tlaa oaBptieientf^  of A and t with 
re@peot to local ooHxrdinatos, 
Xa niiftt foUovo^iae sttMy^in purtlcal-^ T^ tlr oorm^iro 
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tenser of tiio'i© oena^siafiSD. 
3 
1 S T Y X V ^ V ^ 
f X 
,«eter mem Q^yml%^iim* m flwi tiuat in STA «\J»»OBt oonti^st 
3 *y([ ^ ]) 
5 
^^•'^ •^^ • sUam - ff(T,f)|lX - g(X.Z)Y • ^(T,Z)X. 
wl»r0 « iB SL tea;•or -U^ H^ of t;.i«i (Of*?) aefisuja Ibjf 
!? ' 3 
(5.2.5) 'i^ <X.T) ^1^ <a, RXX^T), 
1 
c «liBi!« C. a%miA& f«r 0^s^ei3ti<ia la ^m third @i2i>t« flidit (5«2.2) 
audi 
(5*2.7) 0X « « ~ ~ R (X), 
m»i 
VllOXIBi 
///. - '" ' (5,2.3) g("'R(X),Y) « eiX^D. 
5 3 
Bii^irlittttiag (5.2.6) and (5#2,t) ia (5.2.2), w® f!©t 
ll(X,l,Z) - -*—• > ( X , T ) 2 - ""/^ (TtZ)! • g(X,§)''"B(Y) 
3 »-1 L 5 3 3 , 
(5.2.9) - CS(T,Z) nix) 
3 
• X(X,T»Z) • g(Yt2)X - g(X,«)Y. 
f t ia eafiiljr ^«ii iSiat tbo vtanldhii^ t ^ B(Xty>Z) 
3 
(5.2.10) S(Xt7,Z) • • {g(Tt2)X* g(X,S)T]. 
nMoli la turn shone tliat 
fgaegiat s^ . i -> if an oSncK^ tt omt^t cs&tric oaaif ( ^ 
ourvatnrt ton^or H (X«7,2tV) vioiilaiiea, tliAii ths nifmamlm 
3 
oarmtiiro i f If i s oonDtaafti aad ia In faot e^ual to <»1« 
t&aBor K(X«TtZ) of tfao ooaasxloa V oaa %« i«ritto& as 
4 
«5 
(5.2.11) 5a.l .Z) - V V 2 • V^ V 2 • V ^ 2 - V Z 
X 
Tbxm m ae« thnt in aa aSaoat oont^t tietrlo moiilf >M, E unit 
([=^1) 
R(Z,T,Z) = K(Z,T,2) •TU,T)2 - ^ d j a j x 
(5^,12) • g(X,Z)&(T) • g(T»«)0(X) - S(X,Y)Z 
• S(X,SI)T-g(X,2)B(T) •f5(T,Z)E(X), 
(5^.15) (a) TTCXtT) • (B^)(T>t ih) B(X.l) m A(X)A(T)-«(X,T) . 
ana G anS 1 egrt tli© toiioor fieldo of tjrpe (1,1) d^fiaod Ijy 
(5.2.14) (a) g(a(X),T) • TCXtl), (b) g(BCX),T) • S(X,Y). 
ZAt us snt 
'/^(T,S) *i^ (C^ R)(Y.E) I •K(T,2) ^S' (C, K)(Y,2), 
4 • 
>(X.«) V (0, R)(X,2) I '"KCX.S) ^ ^ (cl K)(X,I!), 
• 4 *^  
'T (X,Y) ^ ' (C, R)(X,Y) I "''KCXtY) *S' (C. K)(X.Y) • o, 
4 ^ 4 ^ 
'r • ?(X^»X )^ I ''T m >(Xj^,X|) , 
m 
/ / / ^y/j. 
1^(1,2) m'Kilt^M) •ir(:S,T) • (!i»1)T<T,S> . S(S»Y) 
4 
4 ^ •' 
Fjpao ($*2.1$} and (9«2«17)t w® ll®t 
1 ^ 
!»»1 4 
W " " ^ ) • 
»*1 4 4 
- . '«<'Y» 
w^i 4 
Froii (5.2#15) m& (5.2«1?), we finft tli^t 
(5.2.19) T(XT) 
a»1 
-V/^ 
i»»f 4 4 
i 
f^(X,T) '"r 
SHEIu. 
C7 
9 \Xf T / 
(5*2«S0) 
ii*1 4 4 
iM 4 J . 
R(X,y,S>^ • — >(X,T)2 • g(X,Z) %{!)* g(T,2) ' 'H(X) 
4 »«ll 4 4 4 
' ' - ' / , • 
(5.S.2t) 
»*1L 4 
1 
»»1 4 »»1 
t* X 
»«»t 4 »»t 
2-« .„_ 
4 i^ -l * -^  
Y 
K(X«7ti) *• 
1 
•K(T,B)X - •K(X,2)Y 
06006136 
19 now asutaii} t ^ t TldtYySt?) 
4 
o# fhBn C5.2,21) 
(5.2.22) KCXtY.M) • - « - •K<Tt2)g(X,tf) * •K(X,S)g(T,ty)| 
Oomferaotliig i n T«S, «e get 
(5«S*^5) •X(X,U) » - f (X,0), 
n 
fitirmMra ie mmtm^m 
3^^M^, »^g*g * If «i atoost o«wtti%o1i fsstrio wsalfold 
4 
o«^vi^ i»© of II 1® eoafstimt rtatt i® in foot ecpi^ to r/B(i»»1). 
gfMgmHI %»M • I^ aa ilaotit (Kmtmt m^io aaai^-^ia 
* 4 4 
%©iiif«p R<X,T»Sit) of V is e<^»l to Itio piroJootiTO curv^tto^ 
4 
tonnor of tHi Timamialm. ^.oamjcHm (cf. [ 17 ] ) • 
mmMMn^ • If laie ©upfutar© t'lisnir H(x,Y,2,ir) 
of t|*a pei®iiiao««©trto ©i»i«^ 3WBi@trio ©onaeacloa V imatBli&St 
tlioii Hhs projootiw OHTVattiro twar^ or of tlia Bies^asaiaii oomn^ sdloa 
al0O wiiatee (cf. In}). 
mmt mmmM mwtMM 
Wmev^ly %to [ 22 ] turn defliKsiS eJtma^t paraKtoiitaot 
@tsitolRixti8 i^oUt cm one hemA ar@ leiailar to alsoat ooataot 
c^ troje-^ irQa la ^le aaaoe that tbelx r^tenxs^ cre t nsore satisfy 
roligtioiif) aiailar to t»so of tim a^ aor^ t omitisot ntmotarest 
n^d on tbo otlKjr hand «»t oloBely related to tim tOmort prodirt 
strtttstaz^a in ttm mm^e that en alrniBt produot atrvistiKre ean 
Ibo d0fiii0a Oft S X IR %gr isefisia of a giinm alienist paracontaot 
atraatora QQ H, Thono elisllaritief? ire alao lae i^ifcatad in tha 
atmctiiral graap of tim taa^aat luiii3La« 
In tIsiB ohaptar* m imm dlaew^aod tt» iatai^abllity 
condition for tham dliao t paraoontaot oanlfoiaa and ttMm 
daflaed mA studlaii iKiar^  0p«*olaliaKK5 fi^ naa of this straotura. 
In paTtlonSLart liiiat hm bean caXlaa hBT% aa para-n^aaoklaa 
oanlfoM la foimd to rer^ anbla tha Saaaldlaii taanlfold m, (xao 
lutfid ana "^ la aSjoa^ ^^ t prodUDt alao^t daoonposahle Bwi^ fo34 on 
tha othar hant* J l^aaXlyt Bom propartioa of tha etirratura 
tanr^ aor haw l»aaa atiidled In thla Batting. 
jin a-dixaenaional dilffarontlabla laaalf 1^3 H lo BaM to 
^ ^ an JlbBi^ PffigTfiglHIIfitt ffg"Q^^3^ If thara azlr;t a (1*1) 
?0 
t<ii»«r field P, a WHO tear tioM t oma a l-foxB A aooh that 
2 (6 . t , t ) (a) kit) - 1 , tb) !• • X « A » t , 
liiBre I Aowst^B tim M^ntity teanor of type (1,1)« 
ito hove tli0 follotil!!^ fSrcsa equality (6«1«1) s 
(i«1»?) (a) FCt) • Of (Ij) A 0 F • ©, 
ant sHsr^owr, rnnle CF) » nri* 
supnwsG that a niaiaaattlaa tmtrio g Ir* clwa la M a»3 
©atlpfi©R thf^  ocmditloa 
(6.1.5) «(X»t) • A(X), 
(6.1.4) g(X.?) - e(X*T) - A(X) A(T), F(1C) ^^ X 
ft»n tb@ 0truetitr9 (F«t»Atg) ^^  oallod aa ala^yfe oairi^ tMatqQt 
Sato [ 22 ] |ro*Kl tl*% foHo^Uig exletoaoe thooron i 
• iet I! fee aa i|p^ teQai£:*l<aial dlffer©D*lat>Xe 
aeaHfoia vdth Q cjWKiotrlo eo-varlaot t^iiaor fleM *F of ovflm^ 
2 f^ aoRe rank i s amtxyw^:'^ »»1 o^i^ ^. ®i®af wo oaa flol aa 
ateWGt i^ KTfiPontiiiJt Bi^ aaainiaii 0fenict«ros (F>t»Atg) mmh tliat 
(«.1.5) 'FCX^Y) • g(X,Y). 
lb i]%Berv@ that *F i« eymmtrlQ miA hybrid an «ell* 
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Tb0 BymsGtty of 'P {^ Ivoc iJteit al l rootw of the charactcrlstie 
0(|ua$i«ii are r©<al. ^orthart slnoe rruik •? » i|wt» o In a root 
with t&0 sailtiplicity 1, tim otl»r rooto tseia^ 1 ?iaa -»1. 
1P9 !si»9 thftt for ?sa aNUmaalonol ateort psw2i»ot laoai^  
fca4 ^ tho ntm-:'ttir!?i (TOiip Of tbo tAi^at Uaasll^  If? roatiolbla 
to 0(p) X 0 (iH?)f awl that i^®re oxlate n l^*'^ ld J of eaflo-
EwriihlooR of t ^ tjaji.'^ iit BpmoQ of fl <3ioli tliat iP » !• Af« aa 
iBialorT to this, Sato [ "^  ]t prow*-*' tlj© folloiftac i 
• 3iot M toe iMi a->ate9iiRio»il jiiffo-tsatlatol® 
aonlfoM tsitli alraoflt pfsraooataet Bloetfimilfltt ntraoture C?tt«A»s)» 
fl»3a» thD otxwstursil (^mtg of i t s tfrnr^nt touwaio i?«duo@e to 
000 X 0<»-1-li) X 1 itoare h le the sa l t tpl idty of tim oiren 
v»au6 1 o-" tlia ohnract-rirtia ©?|uatim of ?t nal *-lia ooiw^roe 
Is olcio tnto* 
m note t ^ t tlio sljaHarity of tMn rrtmotare with 
alE f^^ t oont^t rtniatus'o Is oxtsltolt&a ^ th© f not that la th© 
later cm^n thfs ntrw"t«ral iToap la rMtiolhl© to Ufe) X I , xa^rt 
99 otstto tho follo«!liir^ ueoful x^lmtloap ^htm^ proofs foro 
SMUDQMO * 
gaj^ xT::^  4*1^ 1 «• Za aa almost pesttvson^wt Memmnim 
T2 
(a) (Bj^Xl) m e(Djjt,T), 
(d) ( B J ' F X Y J ) • 0^»f)(l,S) •-A(T)(l)jA)(f) 
(©) OX*^)(T,Z)*(»X*PXT,Z) » -ACXXD^^XS) 
•ACIXBJJAXT). 
a (1f1) teneoat fUM i on tho aimlfold II x/R ^ 
a (6.pa) .r(x,f d/aa) « (x • fe, A(X) - • ) , 
(38 
#i«fO X l8 a wstoK' rieid m M, o tim co«KSE^ Uaetto of /R aaA 
f a C* fuaotion oa M x /R • That J i s an atoo^t prodttot 
etxuottsre on U X/R in oi^slly wrifled fey noting tliat J" • 1, 
Xiet ue ooaf«i<l<ir the Hijonhuin toroim [^ , 4r] at 3, m ^irst 
aorapit© [^ f<rX(X«o>, (T,o)) and [Jt.jr] ((1,0), Co* d/dji)) for 
footor tiGt%a@ X $m& 7 tm U. 
[«r, J](Cx»<>),0f,o)) 
- ((X»0),<T,0)3 • (CXtA(X) d/d8)» (YtA(Y) d/de)] 
-^((X»AU)d/dB), (Y»©)]- ^[<XtO),(T»A(Y)d/de)], 
75 
niStloli after fwctStm^ f^UmXifiomttim giv>8 
• ([IfY] - (T.A(x))t, Ji([x,t3) a/as) 
- ([t.T] < (X,A(T)H. A([X,Tj) mt^)^ 
ana «3ott««©<mimt3ly 
(6,2,2) • (l^»^]C^f^) - 2U(X,Y}t, (i/^)(T) - CS^ JCX) 
* (T^^)(T) ^ <!)yl)(X)). 
fjf ^]((Xt®},(«, a/ae)) 
« [(Xt©)*(ii,d/ds)] • ((x,A(x) a/i8)» (t,o)] 
-«T[(S^A(r) ;t/ls), (o, a/(!if)J ^ j((T,®),(t,0)], 
^# ^] C(X,o), (o* d/d©)) 
« ( f e t ] , - (t,A(X}}i5/a®) .« {[X,t]. A<[x,t]) d/da), 
nad doiiE30(|tt»ntX7 
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ife ir<j tSrns led to fteflae four tunsosB lt\ 1^\ ar and 
f 
(6.2.4) H (X.,t) « ^^]{%9t) ^'^^.^{Xity%f 
(6.2.5) I U,T) « (I?^4)(T) - Cl?^^)(rj • (^^A)(T)«(D i ) ( 2 ) , 
(6 .? . i ) » (X) • » t • ( l y X t ) - (B^?)(X)» 
4 (6.2.7) H (X) » Oj^Xt) • (B^)(X). 
iB 1197 prti'm tiK) f oUotilag : 
^agOPiai 6.g^i « In ait aSi^^t p^r^oontaot i^inaifoia^ If 
any oas of »^ a»a »** imatoli, tljem Br ywttsJi^fs. If II 
-2 1 ^ 
taalBhosf t!a?a a l l of th0 otiisr tl ir^ 1»iiS9«r» F* , »'' rial 1 
pOOf *- f&ii ^ixG% piopt Is ot)^0«s. F-^ sr tins nsaoad 
1 
T5 
A|l^ p2:rlag 4 t© tJils ©fraatioa m ret tjjat IT • o. 
Fro» (6*2 ^ )» «o liaw 
th»t i»t H' » o. Finally mim » • o ac^aia, «» ht^fo 
0 - (i^T) • [iC, T] - A(X) ft, T] - [ i , X] 
• [ i,Y] « CS,A(l))t • (Y.Aa»t. 
that f^  •• o, Ifcw^ tbp t!j<to6roffl lo Tjro'^ ro«!. 
#9 can alao prove tliat [^ i^  ] i 
s^ 6.f>2 - art M b@ a ai^fereatlablo i%yfilfo24 
idtb alfflofrt r,ar»-cow!;ii«0t tytn»rtar« <^tt»A). Thurit t!is mliBost 
prodiict stTttftttT© J owr U XIR defined H^ (6.?,1) ie 
oaa^plstoly iatuijrrible Jrf and oaiy i f 21 ai o holdn good owr 
tli» «b0le H. 
ife prow I 
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vaaiolslar o* H* liapli??© and la Jtaplled by 
<6.?.10) aA(XtY) • dA(X,T) • O, 
BtttiHE; T • t nitd tjerrlxr I l a t ^ ntom o^uati<m» 
dA(X,t) « 0 , 
(6.2.11) dA(X,T) • dAUfT) « o . 
Coatoree2y we oaa 0ho« tliat (6«?«11) li^ll@8 (G.^'^.IO), t l i o r e^ 
nmmTSic^s - An eOxxmt paracoatapt naatfoM 1R -aid to 
be y||^i|pj^ If 
1 
(6.3.1) n (X,Y) • [F,f](X,T) - ?dA(X,T)t m ©. 
Aa ailaoBt paraccHttaot Rietaanoiaa laaaifotd M i£« called 
a i2iaeS4 '"iliaifff ^MMynetaitttOt ^^|«TO^|m tattfi^ folf^  i f tbe 1«fona A 
l 0 Ol(N9t#dy laG* 
Tf 
for Ireirity vm ooil thie aanifold as c^nn- i^aaifoM* Further 
i f If « 09 th&n M ie oal3M ** Htlifill '^ 1l]*Tftt1 ffilift TTnTBl" 
Xf la ft GAHiHaattlfoM It 
(6.5.3) -^^yCX,!) » (BJAXT) • (%A)(X)f 
tliBii i t ie oallod a oamw e^flittaot j^ ilflBftfUtfln TfffH|ftiy. (f!t««iaiilf024)« 
Moreovnr i f 9 « Ot then a HtHamifold Iseo^ m^ is a MSEBoL JBiCfie. 
96 now atiiay soma basio properties of H!-fa«mifold. 
j|;a2ftl.- m alaioat par»Q(Hit@0t Kionaniiiaa aanif old 
ie a ViNBiaiiif old i f and ^ily i f 
(6.3.4) %t • -X • 
D iMiiiig tli0 Rioiaaimiaii owuiixicni of g. 
flu proof follow fron tho d(|ti^ iQiiB (6«3«2) and (6«3.3) 
g^yiiai 6^ »^2 « liot H l» a Htnaai^old* ?h»a 
ir^ (XtY) « [F,f](X,T), ai^ thft toasora H^  and 8^ 
Moraoirar» Mr vaoiaiios i f and oalj i f 
(6.3.5) 0^«F)(X.T) • o. ^ ^ A f f • N I ) 
' ' • ' i^S;,;, .^'^,. r ' T t y l ^ ' 
n 
and (6»?.7)« 
(6.3.T) (iXi'i'XTtaWV^^^^'^^ • H(x,yta,t). 
»! now c iw an 4at®r<j®tlag mmmttire proi»rty of 
5 
Then ^» nectional curvsatiire of oay ^laao cootloa oontalnlag t 
Is eq^neX to • I . 
<• Iiot X bo Q iKSlt vxjtor flold mrtiu^oaal to 
t and K tbo ourmturo -toasor of c;« Thsa 
[ttXj t 
• «43t^  X -f B. X *» D t^ • X 
QUA tlierofore 
X(t»X«X»t) • -g<K(t,X»t),X) - - 1 . 
im^M <ft3t§ - la ft «i-«^aifold 1 
<i.3.3) (a) (V^)<T,t) m gCX,T), 
79 
(h) (llj»f)<T,Sl) • (I»^*f)(t,«) • A(T)g(X.S)*A(Z)g(X,T) 
(c) 0^'F)(I,!8) • CI3^ »F)(T»2) • A(T)»f(l,2>*A(Z)»F(X,t)< 
tliat i t mnsr ha oonfiidflrea oa fioaalogsoiiii to )&>ooiilaot Hloiaant^ ais 
«aiiltoX<} 1B not a^o^or'arlly m ift-wtiitf'ilA. 
la a 4-^ia^iioioxial KnoXiaofiii cpii^ « «ith reotanf!ta?r 
0 
0 
0 
0 
1 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
r 
1 
4 
1+B^  0 
Hy 0 
0 
0 0 1 * / 
0 0 0 
0 
0 
0 
1 
t m it^y m (0002)', A m (A^) - ( 0 0 0 t /?) . 
Then »^@ fnaa&mplB O f^tfAtg) aefinis a HOAIf^ i^aaalfQXd 
%iit I t l8 not a Pf^-^aalfold aa cea bo vt-rlfled oaallj . 
6.4. wMAgffltf Mt rmi i 
IPiffarSosaJtlaa naalfold;? coxroariona in eortmia seire to 
al»oet |!rodu<3t a2ii»0t daooB x^ifiablc j^tniifolds tufoas® tlie lOisoot 
produot straattir® J le ptariillsl iilth reapcK^ t to t}» Bi^ maiiiilflii 
80 
TmlAtlm0 sSiaH'O' to tham of S t^tWiBi aaai^oMs. 
lit thte eeotlon m <!ef las aadt stady e^mm proptrti©® of 
Bj^lifMI^ - M iito^t pura-eoataest El^Kiimiaa isanifold 
U«4.f) ( i y ) ( t ) • A(T)X - 2ACX)4(TH • g(Xft)t. 
l» itoir p^i'*^ a t!i0O3m lisiolbi i© afigaifiemt ia Vm mme 
that i t tetiKTEi oitt a rolatiOB b0t«r@a tl*e H -^i^ aanif oia© and par»-
SaniiMaii OMaifoMo* 
9B^m^ fi^T^ * A B$B-«wiifoM It i s psm^iPaSciao 
i f aial WBSJ^ if 
- ^^»o@@ ^ i^mt H ^ a p^eem^Bmwkimk i saaife ld* 
S139JS9 Fit t ing T M t i n (6«4«1>f i » ^ w 
(Bj^Xt) • X • 2A(X>t • 4(X)t» 
aad o^si(i®t|tt@titly 
•—-— A 
% M ^ ( . i A . . . . . „ . V«: . . s . i r < . . »-. ^'^>.'^)(X7)^ AL-<)^^^Cy,2'^ -AU)T^^^^ ^ ""^  X V ) 
81 
i iOV 
'Bf iufiasfftrsr of *F no m''^. titet «to 1-«^ ora A ie oloeed ami 
-^•F(XtT) • (Bj^)(T) • (iyi)CX)« R^Mli i t ia a IfV-tt^Hfoia. 
tit liafe Iqr direct aat^stltutiim fvtm (6«4*1) that 
tHat ii»« i t ie tamaX* FltMlljf, (6 •4*^) foUwne dirootlj from 
(i.4<t)* Stnoe tike atoiifits^ iry p&t i s profod* 
Oonvorddlyt l^t a 9P!l«fflaziifoM isatisfioe 1^0 dqOatiMi 
(C«4,2)« Sowt H « Of and ht^ aee 
«tii<tli l i Qom< q\3Bnis& of (i*4«2) I»o0iad0 
2<»j«F)(T,I) • (VFXT.a) - O •?)(X,2) - (» '?)(X,1) 
• 2A(X)«F(T,2) • 2A(T)«f (X,Z). 
% (BJJ^XT) • ••F(S,T) nikl (6,5.d) (a--©) thie rsdao©© 
t0 
(^•4«?) 0 /F>(1.2)* 0 •F)(i,2) • A(T)g(X,i)* aA(2)g(X,T). 
IMmsihsm^im T asoA 2 l a (6,4«5)f adding tlie two 
o<{itatiana and vmimi (^•3*9)(«s)t ^ ^ w 
tio^lly 1^ tkm f ^ JU»9lag dlegraro isfiiah esshiblt® the hierarcliy 
Oct S^© iRssloofit epecinlliseHa at;mtji6<ir«!ff of •';IM alsH^ t^ wtrn-ooffftaB3t 
xmmf M0Mi(mgif 
COrr)t:etibie i Metric F 
I 
MA>. 
imiiw—iiwi r 
Ml 
,^ 
* 
W « 9 
\ * 
t' 
• » 
?mi^-sipixi0 
is. 
J? 
H 
M 
09 
m 
(H) (l>3j'f ) ( ! • « ) • (IXy'f )(X»«) » 4(X)g(T,8)*JL(l)g(X,2) 
4- ?MS) g(XtT)« 
(a) (Y^)(T»s) 4^  O »F)(T,z) « ACT)cCx,2)*eA(a)e(x,T), 
(*) "* (a) t liftt j^© Ofittatloa (b) li^ Me* IittoaroJiesQftlas X eoid 
(e) ^ (a) t lixlorohaagiiaf; t &a(i Z ijn (0) BM ^&im b^» 
8(lj«f)(l,2Ma-»F)(T,«M».*f)(S,T)«MlCS)g(X»YKAme(X,3) 
X X 
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(il) «• (a ) i Pttttlllg XmttJmttjJimt in (o) OOi t l isa 
«&4i]|g "tese f^ o obtained with (e) wo ha*^ (a) . 
v^jBih lA Oo»iecitK»ii0e «f (6»4«1) ilvt^e 1 ^ required T««iilt. 
(««4 .5 ) (b) s e t , X, Y) m A(T)X - n (X,T) t , 
( c ) :?Xo<X, is) • (1«^) A(X), 
(d) (kCt) n (l«a)«. 
&!i 
wimve tio i s tin Rloci tensor askl g(l<(X)t7) • l io (I«T)« 
9 W t t i ! I %M * Oa a pariiFSapi^tta i^nlfaa4 far a iialt 
vee^or f i«M X orthogonal %«» t no ha^y^ 
g(K(X.t,X).Y) • -g(K(X,ir,t),X) 
>« g(A(T)X « MX)T,X) 
• A<t)» 
y^gg •• fbe abevQ r@su3.ts can direetly be ol»%tiied trmk 
tils ThOQsuM (6*9 •3). 
fipqR]^ ^«4T^ * A pnrii^afiQJelaii manifcd^* in /^aamX* 
can ant \m a flat oanifoltS* 
IfiOOF -» liet th® rsaalfclc? Ije flat, Tlum 
S(x«t«2) » a «M> SCXtY»t) • a 
M«^ ACX)T • ii(Y)x, 
«^oh IB ifroiteral l.r irpofisllslo* liiiio® tJa© reaolt* 
m mm proym i 
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MOW • WB IiafiB 
fliftil 
Oj^)(X,Y,t)4K(»2XfT»t)*K(X.B2f,t)4«(X,YtB2t) 
• ACX)!*^! • (SgAXX)! • AClJgX)!- A ( T ) » ^ 
OsiJIS (i*4«4) in t!i» nb&w eqitatlQit m get 
f i t t i ng Z » t« «i3 g»t ^10 rdffitlrd^ roimlt. 
of etooEitaii^  ottrvifttare •»! • 
m y ^ •• Sim aiuiif old i s said to be ffymmtrio if 
Ooa0O4|Ui»stl3r 
[X,TJ 
-«(l,IC(X,T«0)tT) - K(2»g,X(X»TtT))i. 0« 
m 
fnttiiig X « t • ? mi& vmlm ^^ properties ef X 
la utt-xt f oHoam ^e prove 
SWiiii it4i1 - '^^ afiweseapy ooaOitUa for a par*. 
Saualtlaii iaaaA'^ 024 to toe rroarreat io 
(6.4.7) (B^ .CJ )(X) « (BjO) ) ( t ) , 
nhore co i s a t«»f oan lavl i@ t!i9 -p^mfsmti&T of r<9<»irroao0 In this 
oafto. Whoa tljls ooaAitioa Is eatip'fioa the aanlfold i s of eoao-
taat Kioiaaaalaa curvature -I» tim acalfir our vataro l»lag 
iRQcy •• OoasMor th0 parap«^ Qi5iaScl4a waaifold to l>e r©-
ourreat. 51»a w9 ^ve [ 12 ] 
(B/)<2,ll,T) « a)(T) IC(S,ir»T), 
• {O^^XT) - (S^^XX)] X<2t0fV)f 
an! ofiBooftuoatlj 
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K<X,ir,X(S,0,T))-«(K<X,T,2),O.T) . 1C<2,K(X,T»0),T) 
fttttiiie X • t « 2 nad ttslii;: oQOD o^ tito ourtratore 
propartiod «l»tAiii»d @arll0r» t» get 
X(T,0,Y) » g(T,T)0 - g(ir.T)Y 
Siaee X(7,II,T) i s s^gsm synaetrio la 1*9 and tim 
•«^%loti liolds for arliitii^xy lftl»t« vm g^ (6.4.T)* ll»noe tl» 
abow «(|itatioii txtoonea 
visioh Biimm Htmt Hie maalf oXA lis 9f oiuet^ati ourvntitre -1 
aad fwtttn&T ^SB BosXsse otirvinturo can eoBllj^ %o t9mA to tio 
9%m3L to •^»'1}« 
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